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Abstract 

We construct a class of supersymmetric boundary interactions in M = 2 
field theories on the half-space, which depend on parameters that are not at 
all renormalized or not renormalized in perturbation theory beyond one-loop. 
This can be used to study D-branes wrapped on a certain class of Lagrangian 
submanifolds as well as holomorphic cycles. The construction of holomorphic 
D-branes is in close relationship with the background independent open string 
field theory approach to brane/anti-brane systems. As an application, mirror 
pairs of Lagrangian and holomorphic D-branes are identified. The mirror pairs 
are studied by twisting to open topological field theories. 



1 Introduction 



Let us consider the 1 + 1 dimensional U(l) gauge theory of charge 1 complex scalar 
fields 0i, . . . , 07v with the following action 

Here D is an auxiliary field and i>oi = 3qV\ — diVo is the fieldstrength of the U(l) gauge 
potential v^. Eliminating the auxiliary field D we obtain the constraint 

N 

£|0,| 2 = r. (1.2) 
i=i 

One can also solve for and, after modding out by the U (1) gauge group action, we obtain 
the non-linear sigma model whose target space is the complex projective space CP"" 1 . 
The Theta term 6v m becomes the 5-field term which is non-zero for a topologically non- 
trivial field configuration. The above gauge theory is called the linear sigma model for 
CP"" 1 . 

Linear sigma models have played important roles in understanding several dynamical 
aspects of quantum field theories. In recent years, M = 2 supersymmetric linear sigma 
models in 1 + 1 dimensions has been used effectively to understand some of the key 
aspects of supersymmetric non-linear sigam models and related models. An advantage 
in the construction [1] is that the parameters that are not renormalized or renormalized 
only at the one-loop level are explicitly identified and simply realized. For instance, in 
the supersymmetric generalization of the model (1.1), the complex combination 

t = r-i9 (1.3) 

appears in a twisted superpotential and it is manifest that it is renormalized only at the 
one-loop level. Sigma model on a hypersurface of CP"^ 1 can also be realized as a gauge 
theory and the complex structure parameters enter into the superpotential term, which 
is not renormalized and is decoupled from the Kahler class parameters. One can make a 
precise statement on the theory only after such an identification of parameters is made. 
The proof of mirror symmetry in [2] makes use of this advantage of the construction. 

It is natural to ask whether there is a similar construction for theories formulated on 
a worldsheet with boundaries. The boundary conditions and interactions are the new 
ingredient. Such theories are the relevant models in defining and analyzing open strings 
or D-branes in string theory. Recently, great progress has been made in understanding 
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several aspects of supersymmetric D-branes [3] in Calabi-Yau and non-geometric compact- 
iflcation. In particular, a lot has been understood and clarified from the worldsheet points 
of view [4-19]. (Earlier relevant works are in [20,21]. See also [22-24] for some studies 
from other approaches.) However, we still lack a worldsheet formulation with boundary 
interactions depending on parameters that are not renormalized or simply renormalized. 
We expect to learn a lot more by having such a formulation. 1 The aim of this paper is to 
construct such a formulation. 

As a basic example, let us consider a Dl-brane located at the circle \z\ 2 = c in the 
complex plane C. The worldsheet theory is described in terms of a complex scalar field <p 
with the action S = — ^ / d 2 :r|<9 M 0| 2 . We impose the following condition at the worldsheet 
boundary 



where d n is the normal derivative. One can also consider adding the boundary term in 
the action 



which is non-zero for a topologically non-trivial configuration. The boundary condition 
breaks the scale invariance of the bulk theory and the parameter c is renormalized at 
the one loop level as c(/i) = c(fi') + log(/x//i') [26] (as reviewed in Secion 3.3). In the 
supersymmetric generalization of this model, the axial U(l) R-symmetry is anomalous or 
the axial rotation shifts the parameter a. This suggests that the parameters c and a are 
superpartners of each other and it is natural to consider the complex combination 



We will construct a boundary interaction that induces (1.5) and also yields the boundary 
condition (1.4) in such a way that the parameter s enters in some kind of superpotential 
term on the boundary. The basic idea is to introduce auxiliary degrees of freedom, just 
like D and in the CP^ -1 model, but living only on the worldsheet boundary. When 
applied to more general bulk theories, this will lead to the construction of supersymmetric 
boundary theories for D-branes wrapped on a class of Lagrangian submanifolds of the 
target space. The parameters will be protected from (higher) loop corrections although 
they can recive non-perturbative corrections. 

Another type of supersymmetric boundary theories correspond to D-branes wrapped 
on holomorphic cycles, or those supporting holomorphic vector bundles. We will con- 

1 A similar point was also made in [25]. 




(1.4) 




(1.5) 



s = c — 



(1.6) 
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struct simple models that realizes a certain class of such D-branes, where the parameters 
characterizing the D-branes enter into a boundary superpotential term. The construction 
is closely related to the worldsheet approach to the problem of the tachyon condensation 
of unstable D-brane systems [27-29]. (The latter reference was considered in the context 
of the background independent open string field theory [30-32].) In this construction, we 
will also have boundary degrees of freedom as the essential ingredients. Our construction 
gives rise to a simple and explicit realization of a certain class of complexes of sheaves 
that has been argued to be the basic elements in supersymmetric D-branes [17]. 

The rest of the paper is organized as follows. In Section 2, we introduce superspace 
formalism on the worldsheet with boundary. In Section 3, the supersymmetric version of 
the Dl-brane discussed above is studied and it is shown that (1.6) is the chiral parameter. 
We then construct a "linear model" for this basic example. In Section 4, we apply the 
construction to certain supersymmetric gauge theories. This leads to the worldsheet 
definition of a certain class of A-type Lagrangian D-branes in toric manifolds. We also 
find the mirror description of such D-branes. In Section 5 we construct the boundary 
interactions corresponding to B-type holomorphic D-branes. We start with space-filling 
brane/anti-brane system and find the condition for M = 2 worldsheet supersymmetry. 
In Section 6, we study B-type D-branes in LG models. We especially study in detail the 
properties of DO-branes which are the mirrors of toroidal Lagrangian D-branes. 

2 J\f = 2 Boundary Superspace 

In this paper, we consider 1 + 1 dimensional field theories with (2, 2) supersymmetry in 
the bulk, a half of which is preserved by the boundary conditions or boundary interactions. 
In order to make the supersymmetry structure manifest and to identify parameters that 
are not renormalized or do not receive perturbative renormalization beyond one loop, it 
is convenient to introduce the superspace formalism on the worldsheet with boundaries. 

2.1 (2,2) Superspace 

To fix the notation, we briefly describe here the superspace formalism for (2, 2) super- 
symmetry in the bulk. 

The (2, 2) superspace has four fermionic coordinates 9 + , 6~ , 9 + , 9 , in addition to the 
bosonic coordinates x°, x 1 . The supersymmetry transformations are generated by the 
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following differential operators on the superspace, 



Q± = -JL-ie ± d ± , (2.2) 

69 

where d± are differentiations by x^ = x° ± x 1 ; 

d X ( d d \ 
9± = dx^ = 2 [dx^ ± dx^J- (2 ' 3) 

These differential operators obey the ant i- commutation relations {Q±, Q±} = —2id±. We 
introduce another set of differential operators 

D ± = W~ td±d± > {2A) 

D± = — *L+i9 ± d±, (2.5) 
09 

which anti-commute with Q± and Q±. These obey the similar anti-commutation relations 
{D±, D±} = 2id±. Vector R-rotation and axial R-rotation of a superfield are defined by 

e iaFv : ^(x", 9 ± ,9 ± ) i-> e iaqv F(x», e~ ia 9 ± , e^) (2.6) 
e l/3FA : F{x», 9 ± ,9 ± ) ^ e if>qA r(x», e Ti/3 9 ± , e^V 1 ), (2.7) 

where qy and are numbers called vector R-charge and axial R-charge of T . A chiral 
superfield $ is a superfield which satisfies the equations, D±§ = 0. It has the follwing 
expansion (y ± := x ± — i9 ± 9 ± ) 

<^{x^9 ± X) = m + d a ^ a {y) + 9 + 9-F{y). (2.8) 



A twisted chiral superfield $ is a superfield which satisfies D + $ = -D_$ = 0. It has the 
following expansion {%j ± := x ± =F i9 ± 9 ± ) 



$(^, 9 ± , t) = m + 9 + x + (y) + 9 X -(y) + d + 9'E{y). (2.9) 

There are three kind of action functionals of supefields which are invariant under the 
supersymmetry transformation 5 = e + <2_ — e_Q + — e + <2_ + e_Q + . One is the D-term 
integral 

J d 2 xd A 9K{^) = J d 2 xd9 + d9~dTd9 + K{Fi), (2.10) 

where K{—) is an arbitrary differentiable function of arbitrary superfields T{. The next 
is the F-term integral 

J d 2 xd 2 6 W($i) = J d 2 xd9-d9 + W(<Z>i)\- ± _ o , (2.11) 
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where W($i) is a holomorphic function of chiral superfields which is called a superpo- 
tential. The third is the twisted F-term integral 

J d 2 xd 2 9W($ i ) = J d 2 xdTd6 + W(^i)\ r _ e __ o , (2.12) 

where W($i) is a holomorphic function of twisted chiral superfields which is called a 
twisted superpotential. 

Chiral superfields cannot enter into twisted F-term and twisted chiral superfields can- 
not enter into F-term. Using the argument of Seiberg [34], one can also show that the 
parameters that enters into the superpotential (resp. twisted superpotential) at a high 
energy scale cannot enter into the twisted superpotential (resp. superpotential) in the 
effective action at a lower energy. 



2.2 Superspace Boundaries 

Let us put a (2, 2) supersymmetric field theory on the "left half plane" 

E = Rx(-oo,0], (2.13) 

where R and (— oo, 0] are parametrized by the time and spacial coordinates — oo < x° < 
+oo, — oo < x 1 < respectively. The left half plane S has its boundary <9£ at 

x 1 = 0. (2.14) 

We suppose that there is an analogous "boundary" in the fermionic coordinates 6^ as 
well. We now determine what kind of boundary is possible. 1 

To define a consistent theory, one must impose some boundary condition on the fields. 
The boundary condition usually relates the left moving modes and the right moving 
modes. In particular, the left moving and the right moving fermions are related to each 
other. This suggests that the boundary relates the fermionic coordinates 9 + ,9 + and the 
other coordinates 9~ ,9 . There are essentially two ways to relate them; 

(A) 9+ + e ia T = 0, 9 + + e~ ia 9- = 0, (2.15) 

(B) 9+ - e^9- = 0, 9 + - e~ if3 9~ = 0. (2.16) 

1 A part of the construction in this section has been made by E. Martinec [35]. In particular, (2.15) 
and (2.16) was stated in [35]. We thank him for letting us know about it. Boundary superspace was also 
considered in [36] for J\f = 1 supersymmetry. 
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In the above expression, e ta and e J/3 are fixed phases. In most of the following dis- 
cussion, we shall set these phases trivial, e ta = 1, e t/3 = 1. We call (2.14) and (2.15) 
A -boundary while (2.14) and (2.16) will be called B-boundary. As we will see below, these 
superspace boundaries corresponds to theories in which the following combinations of the 
supercharges are conserved; 

(A) Q = Q + + e ia Q_, Q = Q + + e~ ia Q_, (2.17) 

(B) Q = Q + + e if3 Q_ , Q = Q + + e-' lli Q- . (2.18) 

We shall call the former A-type supersymmetry and the latter B-type supersymmetry. 
2.2.1 A-boundary 

We develop here the superspace formalism for A-boundary. We set e ta = 1 but the 
generalization is straightforward. We first introduce the fermionic coordinates at the 
A-boundary as 

e-=e + = -T, e-.= e + = -e-. (2.19) 

The boundary (2.14)-(2.15) is preserved by d and the following differential operators 



D = 


D + + D_ 


=-!+««*.. 


(2.20) 


D = 


D + + D_ 




(2.21) 


Q = 


Q+ + Q- 




(2.22) 


Q = 


Q+ + Q- 


=!+»„, 


(2.23) 



This indeed shows that the supersymmetry preserved by the full theory should be (2.17). 
We also note that the boundary (2.15) is invariant under the axial R- rotation whereas the 
vector R- rotation rotates the phase e lct defining the boundary (2.15). 

The differential operators obey the ant i- commutation relations {D, D} = 2ido, D 2 = 
D = 0, and {Q, Q} = —2id , Q 2 = Q =0. A boundary superfield is a function of 
the boundary coordinates x°, 9 and 0, which transforms under A-type supersymmetry 
(with parameter e + = e_ = e, e + = e_ = e) by 5 = eQ — eQ. The boundary R-rotation 
transforms the boundary superfield T as 

P{x°, 6,6) ^ e iq ~<F{x°, e'^e, e^6), (2.24) 
6 



where q is called the boundary R-charge of T . A boundary superfield <P is called a 

boundary chiral superfield if it obeys 



0. 



(2.25) 



A boundary chiral superfield has the following Theta expansion 



$ = + 9^(x°) - i00do<f)(x o ). 



(2.26) 



We often call a fermionic boundary chiral superfield a boundary Fermi superfield. Given 
a function J(J-j) of boundary superfields the following integral is invariant under the 
supersymmetry variation 5 



Also, given a boundary Fermi superfield # and a holomorphic function V($i) of boundary 
chiral superfields <£j, the integral 



is invariant under the supersymmetry 8. We call V(<£j) a boundary superpotential. The 
above term is invariant under the boundary R-rotation if $V($j) has boundary R-charge 
1. We shall sometimes refer to (2.27) and (2.28) as boundary D-term and boundary 
F-term respectively. 

A bulk superfield restricted to the boundary (2.14)-(2.15) is a boundary superfield. 
The boundary R-rotation comes from the axial R-rotation in the bulk. It is easy to see 
that a bulk twisted chiral superfield restricted on the A-boundary is a boundary chiral 
superfield. The boundary superpotential must be a holomorphic function of the boundary 
chiral superfields. This strongly constrains a possible form of quantum corrections, as in 
[34], as we will see explicitly in several examples. 

2.2.2 B-boundary 

We briefly repeat the same thing for B-boundary (we again set e l/3 = 1). The fermionic 
coordinates at the B-boundary are 




(2.27) 




(2.28) 



e-=e + = e-, e-.= e + = e 



(2.29) 



The following differential operators preserve the B-boundary (2.14)-(2.16); 

_ _ _ d 

D = D + + D_ = --= + i9do, 



(2.30) 



7 



D = 


D + + D_ 


9 -a* 


(2.31) 


Q = 


Q+ + Q~ 




(2.32) 


Q = 


Q+ + Q- 


= ±+m, 


(2.33) 



This shows that the supersymmetry preserved by the full theory should be (2.18). We 
also note that the boundary (2.16) is invariant under the vector R- rotation whereas the 
axial R-rotation rotates the phase e i/3 defining the boundary (2.16). 

One can develop the boundary superfield formalism identically as in the case of A- 
boundary. B-type supersymmetry transformation (with parameter e + = — e_ — e, e — 
e + = — e_) of the superfields is given by 5 = eQ — eQ. A bulk superfield restricted to the 
boundary (2.14)-(2.16) is a boundary superfield. The boundary R-rotation comes from 
the vector R-rotation in the bulk. A bulk chiral superfield restricted on the B-boundary 
is a boundary chiral superfield. 

2.3 (1,1) Superspace and its Boundary 

It is useful also to introduce the (1,1) superspace and its boundary. The (1,1) super- 
space can be defined as a subspace of the (2, 2) superspace: 

0± = i0± Of real. (2.34) 

(Again, there is a freedom to change the phase % to % e w± but we set v± — for simplicity.) 
This subspace can also be defined by the equations 9 ± + 9 =0 which are preserved by 
the differential operators 

Ql ■= Q± + Q± = -i-^z + 26td ± , (2.35) 
D\ := D ± + D ± = -i-^ - 29fd ± , (2.36) 

These obey the anti-commutation relations such as {Q±, Q}±\ = —4id±, {D]_, D±} = 
4id±, and = 0. 

The boundary of (1,1) superspace can be defined as the subspace with x° = 0, ir and 
9 1 = ±6i . We take here the plus sign, 9f — so that both A-boundar and B-boundary 
(with trivial phases) of the (2, 2) superspace includes this N = 1 boundary as the subspace 

9 + 9 = 0. (2.37) 
8 



This subspace is preserved by the differential operators 



d 



Q L ■■= Q\+QL = Q+Q = -i-^- + 29 1 d , 



(2.38) 

D 1 :=D l + + D l _ = D + D = -t^--29 1 d , (2.39) 

where 9\ := lm.8 is the fermionic coordinate of the M = 1 boundary. 

It is straighforward to show that for an M = 2 boundary superfield T and for a 
boundary Fermi superfield we have the identities 

J dOddF = - % -Jd6 1 [(£> - D)T 



I 



8=0 



-l J d0i[!P]i, 



(2.40) 
(2.41) 



where [— ]i stands for the restriction on the Af = 1 subspace (2.37). 



3 A Linear Model: An Example 

In this section, we consider the supersymmetric version of the Dl-brane in the complex 
plane C which was introduced for the bosonic case in Section 1. We first take the standard 
approach to the worlsheet theory based on supersymmetric boundary condition. There 
we identify the chiral parameter of the theory. We then move on to construct "a linear 
model" of such a D-brane. The basic idea is to introduce boundary degrees of freedom and 
boundary interactions that impose the boundary condition and also induce the Wilson 
line term. We construct the action so that the chiral parameter enters into a boundary 
F-term. 

The supersymmetric worldsheet theory includes a Dirac fermion fields ip±, ip± in ad- 
dition to the complex scalar field 0. The action of the system is given by 

S = -L J d 2 x ( \d <j>\ 2 - \d l( f>\ 2 + + + ^ + (% - %)^ + ) , (3.1) 

where ip d^ip := i/jd^i/j — (d^ijj)ip. If the worldsheet has no boundary, the action is invariant 
under the (2, 2) supersymmetry transformations. This is manifest if we express the action 
in the (2, 2) superspace. Let $ be the chiral superfield which has an expansion 

$ = 4>{y) + 9 a i>M + + 9-F(y). (3.2) 

The action (3.1) is obtained from 

S = — I d 2 xd A 6$$, (3.3) 
2tt J 

after an appropriate partial integration and elimination of the auxiliary field F by its 
equation of motion. 
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3.1 The Boundary Condition 



We now consider the D-brane located at the circle |0| 2 = c in this supersymmetric 
theory. We thus formulate the theory on the left half plane X = R x (— oo, 0], and 
we will find a boundary condition at <9X so that the theory is invariant under A-type 
super symmetry. In the bosonic theory the D-brane was represented by the boundary 
condition (1.4) at x 1 = 0. We claim that the boundary condition in the supersymmetric 
theory is 

= c at A-boundary. (3.4) 

By "at A-boundary", we mean at A-boundary of the (2,2) superspace: x 1 = 0, 9 + = 
—6 = 6 and 6 = 6 + = —6~ (we set e ta = 1 in (2.15)). In this way of writing, the 
condition itself is manifestly invariant under A-type supersymmetry. 

In terms of the component fields, the condition (3.4) is expressed as 

|0| 2 = C, 

_ _ at x 1 = 0. (3.5) 

H)_ + = o, 
i)_<\> + = o, 

We note that the first equation is identical to the Dirichlet boundary condition for \<f>\ in 
(1.4) while the second equation generalizes the Neumann boundary condition for arg(0) 
in (1.4). It is straightforward to show that the action (3.1) plus the auxiliary term 
/ d 2 x|F| 2 is invariant under A-type supersymmetry 5 = eQ — eQ which acts on the 
component fields as 

5(fi = eip_ — eip + , 
6i/>+ = e(2id+<l> + F), 
dip. = e(-2id-<f) + F), 
5F = -2ied + 4>_ - 2iW_^. 

Also, one can show that the equation of motion remains the same as the standard one 

(d 2 - <9 2 )0 = 0, (,9o±<9 1 )^ T = 0, F = 0, (3.7) 

under the boundary condition (3.5). 1 

1 We notice a slight discrepancy of (3.5) from the condition given in [13] which would require 4>d\(j) — 
d\<jxf> = 0. This is because the requirements (3.2) and (3.3) in [13] was too strong. The most general 
condition for the variation is an average of (3.2) and (3.3) but not the separate ones. 



5(f) = eip + — eifj_, 

5^ + = e(-2id + + F), 

<5^_ = e(2i<9_0 + F), 

5F = -2iW + i>_ - 2iedJf), 



(3.6) 
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3.2 The Boundary Term 



Due to the boundary condition |0| 2 = c with non-zero c, 

if : = arg(0) at x 1 = (3.8) 

is well-defined up to 27r shifts. Then, it is possible to add to the action (3.1) the following 
boundary term 

S a = J ^d oV dx°. (3.9) 

Since it is a total derivative in the boundary coordinate, it is a topological term. In 
particular it cannot break the supersymmetry of the system. Thus the system with the 
action S + S a is still invariant under A-type supersymmetry. The equation of motion also 
remains the same as (3.7). 

This boundary term represents the interaction of the open string end points and the 
£7(1) gauge field on the D-brane which has holonomy e ia along the worldvolume S 1 . 

3.3 Renormalization and R-Anomaly 

Renormalization of c 

As mentioned in the introduction, the boundary condition breaks the scale invariance of 
the bulk theory and the constant c runs as the scale is varied. The renormalization group 
flow for the D-brane location was found in [26] to be the mean curvature flow: Let us 
consider a D-brane whose worldvolume is embedded in the space-time by the map f 1 ^ 01 ) 
(where / and a are the space-time and the worldvolume indices). The one-loop beta 
functional for the embedding function / / (C") is given by 

(3 1 = = -h^K^ (3.10) 

where h a p is the induced metric and K l afi is the extrinsic curvature that appears in the 
normal coordinate expansion f 1 = daf 1 ^ + \K I al3 C > a C > l) + ■ • •. In the present case, the 
embedding function for our circle |0| 2 = c is given by x = \/2ccos9, y = \/2csm9 where 
x and y are the normal coordinates on the complex 0-plane, = (x + %y)j v^2, and 9 
is the angular coordinates of the circle. This shows that h ee — l/2c and, say at 9 — 0, 
Kg e = —\/2c, K'g e = 0. Thus, we have fij^\/2c = l/y/2c. In other words, the parameter 
c at the cut-off scale A uv and the one at a lower energy scale \i are related by 

c(Auv) = c(/i) + log(Auv//x), (3.11) 
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at the one-loop level. This is the story for the bosonic model, but the fermions does not 
affect the running of c at the one-loop level, as in the case of the RG flow of the metric 
in the bulk non-linear sigma models [33]. 

Axial Anomaly 

There is a related quntum effect; the anomaly of the boundary R-symmetry. The bulk 
theory is invariant under both vector and axial R-rotations. As mentioned in the previous 
section, A-boundary is broken by the vector R-rotation but is preserved by the axial R- 
rotation. The axial rotation (with the trivial R-charge for $) acts trivially on the bosonic 
fields and F but non-trivially on the fermions as 

^ ± _> e ^±, £t - e^ ± , (3.12) 

and it indeed preserves the boundary condition (3.5). Thus, the boundary R-rotation 
that comes from the axial R-rotation is a symmetry of the classical theory. However, in 
the quantum theory it is broken by an anomaly. This can be seen by counting, as follwos, 
the number of fermion zero modes in a topologically non-trivial backgroun. 

We note from (3.12) that ^_ and ip + has R-charge 1 while tp+ and tp_ has R-charge — 1. 
Thus, we are interested in the index which is the difference of the number of (■?/>_, ■0 + )-zero 
modes and that of ■0_)-zero modes. 

Let £ be the Euclidean left half plane Re(z) < with the canonically flat metric 
ds 2 = \dz\ 2 . We would like to count the above index in a background in which the 
worldsheet £ is mapped to the complex plane so that the image of the boundary <9£ (the 
imaginary axis Re(z) = 0) winds fc-times around the circle \<fi\ 2 = c where the D-brane is 
located. The left half-plane is mapped by the conformal map w — (1 + z)/(l — z) to the 
unit disk < 1 where the boundary Re(z) = is mapped to the disk boundary \w\ = 1 
with the infinity mapped to w — — 1. Now, one can choose the configuration to be 

<f>{z,z) = ^cw k . (3.13) 

We note that the positive and the negative chirality spinors are identified along the 
boundary <9£ as (dz)^ = (dz)^. 1 In terms of the coordinate w this is translated as 

1 The reason we do not start from "S = the flat disk" is that the boundary would have an extrinsic 
curvature and the Wick rotation of the boundary condition on the fermions would not be straightforward, 
the point emphasized in [13]. We could of course have started from the disk with the hemi-sphereical 
metric. It is easy to see that the result is the same as the one given below. 
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(dw) 2 /(w + 1) = (dw) 2 /(w + 1) along |iy| = 1. The boundary conditions on the fermions 

0V-+?+0 = O, ^_0 + 0^+ = O, (3.14) 

should be understood under such an identification. The zero modes obey the Cauchy- 
Riemann equations — tp- and ip_ are holomorphic in z or w and tp + and ip+ are anti- 
holomorphic — and they must be regular in the disc |iu| < 1. Thus, they can be expanded 

as 

oo oo 

i/>- = TT l c n w n (dw)*, ^_ = Y,bnW n (dw)* , (3.15) 

n=0 n=0 

oo oo 

^ + = ]T c n w n (dm) s , ^ + = £ 6 n w" (dw) ^ . (3.16) 

n=0 n=0 

The boundary condition (3.14) then requires 

oo oo 

(1 + e" 7 ) c n e t{n - k)a + (1 + e~ i(J ) ^ 5 n e~« n - k > = 0, (3.17) 

ra=0 n=0 

oo oo 

(1 + e" 7 ) ^ 6 n e^ n+fe ) CT + (1 + e- iCT ) ^ c n e- i ( n+fc ) CT = 0, (3.18) 

n=0 n=0 

where a is the angular part of the polar coordinates w = \w\ e l<T so that = y/ce tka along 
the boundary. It is easy to see that there is only a trivial solution b n = c n = for the 
second equation but there are 2k non-singular solutions to the first one; q_i + &2fc-i = 
(i — 1, 2, . . . , 2/c). Thus the index we wanted to know is 2k in the background (3.13). 

This means that the path-integral measure changes as 

Vi>±V$ ± — > e - 2kt ' r V*fj±V^ ± (3.19) 

under the R-rotation (3.12). Namely, the classical R-symmetry is anomalously broken. 
We note here that the boundary term S a yields the following path-integral weight in this 
background; 

expii / — d(f ) = exp(ika). (3.20) 
V JdT, 2ix J 

Thus, the effect of the R-rotation is the shift of a as 

a — >a-2 7 . (3.21) 

This also shows that the parameter a is not actually a physical parameter of the present 
theory but can be absorbed by a field redefinition. 
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The Chiral Parameter 



The one-loop running (3.11) of the parameter c and the R-anomaly (3.21) suggests that 
the parameters c and a are superpartners of each other and can be combined into a 
complex parameter. The precise combination can be found by identifying the instantons 
and computing the action. A configuration such that <fi is holomorphic and F = preserves 
half of the supersymmetry. (See the e- variation in the Euclidean version of (3.6).) The 
configuration (3.13) is an example of such an instanton. The Euclidean action in such a 
background is 

Se = ^/(2|9 2 0| 2 + 2|^0| 2 )d 2 ^-^|dv, 

/ 2\d w w k \ 2 d 2 w = (c-ia)k. (3.22) 



2tt 

\w\<1 

This shows that the right complex combination is 

s = c — ia. (3.23) 

3.4 A Linear Model 

We now construct a linear model of this A-type D-brane. The general structure of the 
worldsheet action we would like to have is as follows. It is a sum of two parts, 

S tot = S(<f>) + S bd (U,<f>) (3.24) 

where S(<&) involves only the bulk field <3> and includes the bulk action (3.1) while Sbd(U, <3>) 
is the boundary interaction of $ and a boundary superfield U that imposes the boundary 
condition (3.4) at low enough energies. The boundary condition on $ is not something we 
impose by hand at the beginning, but is regarded as derived through the interaction with 
the boundary fields. We in particular require S to t to be supersymmetric without using 
boundary condition on $ nor its equation of motion. Also, we would like Sbd(U,$) to 
be manifestly supersymmetric so that the parameter s in (3.23) appears in the boundary 
superpotential. This requires S(&) to be supersymmetric by itself. 

We start with finding the boundary term. Let us introduce a real bosonic boundary 
superfield 

U = u + 6x - Ox + 00E. (3.25) 

The Lagrangian 



J = J d6d6($$-c)U, (3.26) 
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imposes the boundary condition = c via the equation of motion for U. This however 
does not lead to the a-term (3.9) nor does it make clear that s = c — ia is a chiral 
parameter. We note that one can replace the term / d0d8 (— c)U by | / d8cDU + c.c. 
This motivates us to define the "fieldstrength" T of U as 

T := DU = X + 0(E + id o u) - i66d oX , (3.27) 

which is a boundary Fermi superfield, DT = 0. Now we try the following Lagrangian 

Lf] = J d0d0$$C/ + Re J d6sT. (3.28) 

in which s is manifestly a chiral parameter. In terms of the component fields the boundary 
superpotential term can be written as 

Rejd9sT = cE + a d u. (3.29) 

We indeed find an a-term. However, we should note that u has no relationship with 
ip = arg(0) at this stage. Furthermore, if u is a single valued field (an ordinary field with 
values in R), the term ad u can be set equal to zero since it is a total derivative. We may 
declare that u has the same periodicity as p or that u — ip is a single valued field. However, 
that would make the term / dOdO ill-defined; it changes its value as u — > u + 2ir. 

Putting aside this problem, let us try to determine the term S(Q). We would like it 
to be an action with the bulk part (3.1) that is invariant under A-type supersymmetry 
without using a boundary condition. It is straighforward to see that the following meets 
such a requirement; 

s A (*) = ^ / (|a o 0i 2 - |a 1 ^| 2 + ^_(K + K)^- + ^ + (^o-K)V'+ + l^r)d 2 x 

E 

+ ^ J (9 1 |0| 2 + 2(F0-0F))da: . (3.30) 

However, the second term (boundary term) is non-vanishing even if we use the boundary 
condition = c. This is something we do not want. 

Thus, the candidate action Sa(&) + <f- Id^L^Jdx is invariant under A-type super- 
symmetry but has two problems; Sa{*&) contains unwanted boundary interactions and 
the term J dJ: L^Jdx either is ill-defined or lacks the a-term. Fortunately, both of these 
problems can be cancelled by addition of the following boundary term in the Lagrangian 

AL bd = - J d#d#$$Imlog$ = % -j d0d0$$(log$ - log$). (3.31) 
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The unwanted boundary interaction in Sa{<&) is precisely cancelled by this term. Also, 
L\J +AL bd contains the term / d6d6 — which requires u — ip to be a single valued 

field. Then, the a-term for u becomes the a-term for ip; 

|- J d udx° = |- f {d oV + d (u - V )}dx° = £-J d (pdx°. (3.32) 

It may be appropriate to explain on the single-valuedness of the boundary interaction 
Lf] + AL bd , in particular the term $$([/ — Imlog$). We can express the field $ as 
$ = e* and consider $ as a gauge invariant field where the gauge symmetry is Z which 
acts on ^ as \I> — > \I> + 2nin. We then consider U as the gauge field on which Z acts by 
U — > C/ + 27m. Then, w — is gauge invariant and d^udx can really be considered as the 
fieldstrength of this gauge symmetry. 

To summarize, the total action we were looking for is 



S a(®) + ^J dx° J d0d0$$(C/-Imlog$) + Re j dd sT 



Hot 

1 71 

d£ 



(3.33) 



where Sa(&) is given by (3.30). The boundary term appears highly non-linear in $ but 
the essential non-linearity resides only in which is absorbed by a redefinition of u 
that simply yields the ad p> term (3.9) when \<p\ ^ 0. 

We note that the above boundary interaction reproduces the correct one-loop running 
(3.11) of the parameter c. Up to the topological term, the bosonic part of the action 
(which is the relevant part in this discussion) is given by 

s = i LJ d2x ( |9 ° ' 2 _ ' 9i0 ' 2 ) + h I dx ° ^ (l0 ' 2 ~ c)+ ( 3 - 34 ) 

s as 
where u' = u — ip is the single valued field. In the effective action at the energy scale 
fi <C Auv, \4>\ 2 m -E'd^l 2 ~~ c ) is shifted by {\4>\ 2 )fi, the one-loop momentum integral in the 
range (/, < \k\ < Auv- I n the present case one real component of obeys the Neumann 
boundary condition and the other obeys Dirichlet. Thus, the one point function has the 
same divergence as the ordinary one point function in the bulk. Thus, the shift is by 

I TM^^" g(kmllxy (3 ' 35) 

M <|fc|<A uv 

This divergence (3.35) is absorbed exactly by giving the scale dependence of c as in (3.11). 

We stress that the most important aspect of this formulation is that the parameter 
s = c — ia enters into the boundary F-term. Any correction to the boundary F-term has 
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to be holomorphic in s, periodic under 2iri shifts of s, and of boundary R-charge 1 if we 
assign R-charge 2 to e~ s . This excludes any perturbative renormalization except at one 
loop. Also, if we require the correction to be small at large s, we see that no correction 
is possible at all. In more general examples we will consider in the next section, we will 
always see this perturbative non-renormalization theorem (except at one-loop). However, 
non-perturbative non-renormalization still holds in some cases but fails in some other 
cases. 

4 A-Type D-Branes in Linear Sigma Model 

In this section, we apply the construction of the linear model to gauge theories. This 
enables us to define A-type D-branes in toric sigma models so that the D-brane location 
and the Wilson lines, combined into complex chiral parameters, enter into a boundary F- 
term. We will also find the dual description of the D-brane in the mirror Landau- Ginzburg 
model. 

4.1 Supersymmetric Gauge theory 

Here we record the basic facts on supersymmetric gauge theory in the bulk. We 
consider the simplest example: U(l) gauge theory with a single chiral matter field of 
charge 1. The gauge transformation of the vector superfield V and the chiral matter field 
$ is given by 

V — >V-iA + iA, $ — > e iA $, (4.1) 

where A is a chiral superfield. We usually partially fix the gauge so that the vector 
superfield takes the form 

v = e-T(v -v 1 ) + e + 'S + (vo + v 1 )-e-'ta-e + Ta 

+ie-e + (e~\_ + e + \ + ) + i6 + T(e-\_ + e + \ + ) + e-e + e + TD. (4.2) 

v and vi define a one-form field, a is a complex scalar field, A± and A± define a Dirac 
fermion, and D is a real scalar field. This is called the Wess-Zumino gauge and the residual 
gauge symmetry is the one with A — a(x) which rotates the phase of $ and transforms 

as 

v^x) -> v^x) - d^a(x). (4.3) 

The supersymmetry variation 5 = e + <2_ — e_ Q + — e + <2_ + e_ Q + does not in general 
preserve the Wess-Zumino gauge. In order to find the supersymmetry transformation of 
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the component fields a, A±, and D, we need to amend it with a gauge transformation 
that brings 5V back into the Wess-Zumino gauge. It turns out that the required gauge 
transformation is the one with 

A = i9 + {e+a + e_(w + v^-iO' (e_<j + e + {v - v 1 )) + 9 + 0- (e_A + - e + A_) + • • • , (4.4) 

where H — • are the derivative terms to make A chiral. In this way, we find that the 
supersymmetry transformation of the component fields of V is 

5(v ± vi) = ie±\± + ie±X±, 
5a = — ie + A_ — ie_A + , 

5D = — e + cLA+ — e_<9+A_ + e + cLA + + e_<9 + A_, 
5X + = ie+(D + iv i) + 2e^d + a ) 
5A_ = ie_(D — iv i) + 2e + d_a, 



while that of $ is 



5(f) = e + ip- — e-i/)+, 

= ie-(D + Di)(j) + e + F - e+acf), 
5ip_ = -ie + (D - Di)(f) + e_F + e_a<f), 
5F = -ie + (D - D 1 )4> + - ie_(D + D 1 )^_ 
+ e + aip- + I-cnp + + i(e_A + — e + A_)0. 



The superfield 



E := D + D_V (4.5) 



is invariant under the gauge transformation V — > V + «(A — A). It is a twisted chiral 
superfield which is expressed in the Wess-Zumino gauge as 

E = a(y) + i9 + X + (y) - iT\-(y) + 6 + T(D - iv m ){y). (4.6) 

where i> i is the field-strength t> 01 := d Vi — div . The superfield E is called the super- 
field-strength of V. 



We consider the following gauge invariant action 



S =i/[/ d4S (*e"*-^EE) + Re/^(- t E) 



d 2 x, (4.7) 



where 

t = r-i6 (4.8) 
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is a dimensionless twisted chiral parameter; r is the Fayet-Illiopoulos parameter and 9 
is the Theta angle. This Lagrangian is invariant under (2, 2) supersymmetry when the 
worldsheet S has no boundary. In terms of the component fields this is written as 



-I 

2tt J 



— |o"| 2 |0| 2 — ■0_(T'0 + — il>+&4>- — i(j)\-il> + + i(fi\ + ip- + iip + X-(f) — ii[)_\ + (f) 
+ ^2 (-^m^ + ^_(^ + K)A_ + ^A + (K - K)A + + < + D 2 



- rD + 6>w 



'01 



d 2 x, 



(4.9) 



where an appropriate partial integration is made. 

This theory is super-renormalizable with respect to the dimensionful gauge coupling 
constant e. The FI parameter r is renormalized in such a way as 



r(A uv ) = r((j.) + log(A uv /». 



(4.10) 



The vector R-symmetry is unbroken but the axial R-symmetry is anomalous; The axial 
R-rotation shifts the Theta angle as 9 — > 9 — 2a. 



4.2 The Boundary Interaction 

Let us now choose the worldsheet S to be the strip Rx [0, ir]. The (2, 2) supersymmetry 
variantion of the action (4.9) is given by a boundary term, as analyzed in [13]. For A-type 
supersymmetry one can show that the combination 



S A = S + -j^ 

dT, 



1„ , ,, 2 I 



-drW 2 + -(F<j>- 4>F) + ^(A_A + - A + A_) + 9v 



2 ITI 2 y T T ' 4e 
has the following simple transformation property; 

bSA = h\ dx ° { e(I+ + A_) ~ + A +)} • 

<9E 



(4.11) 



(4.12) 



We would like to construct a linear model for D-branes in this gauge theory. As in 
the case without the gauge field, we introduce the superfield U on the A-boundary with 
the boundary interaction as in (3.33): 

1 



Sboundary = ^ / dx° J d9d9 $ e v $(U - Im log $) + Re J d9 sT 

<9£ 



(4.13) 
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where T = DU is the fieldstrength. For gauge invariance of the first term, we would like 
the field U to transform in the same way as Imlog'l'. Thus, it transforms as 

U^U+±(A + A), (4.14) 

under the gauge transformation (4.1). In particular, the supersymmetry transformation 
of the component field is modified in the Wess-Zumino gauge as 

Su = ex- ex, 

5x = —e(E + i(d u + v )) - iea, 

§X = —c(E - i(d u + v )) + iea, 

1 - 1_ - 

5E = iedox + iefloX - 2^ A ~ + A+ ' ) + 2^ A ~ + A+ ^' 

(4.15) 

Under this modified supersymmetry transformation, the boundary superpotential term 

/ dx° Re fdO sT = ^- f dx° (cE + ad u) (4.16) 

Z7T J J 2,71 J 

is not invariant but varies as 

^- J dx° Re J &6 sT =-^-Jdx°{e(J + + \_)-e(\_ + \ + )}. (4.17) 
as J as 

We note that this is proportional to SSa given in (4.12). Thus, Sa + Sboundary is invariant 
under A-type supersymmetry if and only if 

c = r. (4.18) 

The non-trivial variation (4.17) comes from the fact that the Fermi-superfield T is not 
invariant under the gauge transformation (4.14). This reminds us of another constraint; 
The action must be gauge invariant, or it must be invariant under the residual gauge 
transformation A = a(x) in the Wess-Zumino gauge we are in. The gauge transformation 
shifts the component u as u — > u + a while x an d E are invariant. Thus the term (4.16) 
is shifted by ^ / dx°doa. We also notice that the action Sa is not gauge invariant but 
is shifted by — J dx°d a since is transformed as v ^ — > v M — d^a. Thus, the action 
Sa + Sb 0U ndary is gauge invariant if and only if 

a = 9 (mod27rZ). (4.19) 

Thus, the action 

Stot — Sa + Sboundary (4.20) 
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is supersymmetric and gauge invariant if and only if 

s = t (mod27riZ). (4.21) 

We note that the real part of the condition, r = c, makes the derived boundary condition 
1 0| 2 = c to be compatible with the D-term constraint |0| 2 = r. We also note again that 
no boundary condition on the bulk fields are required for the supersymmetry. 



4.3 Construction in Linear Sigma Model 

Let us consider a U(l) gauge theory with iV chiral multiplets $j of charge Qi where 
the action is given by 

s = ~L I I d49 (^ 1 eQtV ^ ■ 2^ s ) + Re / dH d2x ' (4 - 22) 

% s L \i=i 6 / 

The theory reduces at low enough energies to non-linear sigma model on a certain toric 
manifold X. For instance, X = CP^ -1 if Qi = 1 for all i; X is the total space of the line 
bundle 0(—d) over CP^ -2 if Qi = ■ ■ ■ = Qn-i = 1 and Q N = —d; X is the total space 
of O(-l) © C(-l) over CP 1 if iV = 4 and Q 1 = Q 2 = 1, Q 3 = Q 4 = -1. The character 
of the theory depends on whether the sum of charges 



N 



&i = £& (4-23) 



i=i 



is zero or not. If £>i ^ 0, the scale invariance is broken at the one- loop level and the 
dimensionless FI parameter r is replaced by a dynamically generated scale parameter A 
by r(/i) = bi log(/i/A). Also, the axial U(l) R-symmetry is anomalously broken; the axial 
R-rotation shifts the Theta angle as 9 — > 9 — 2b\ft. The sign of r at the cut-off scale 
is determined by b\ and hence the target space is uniquely determined by the charges 
Qi. On the other hand, if b± — 0, the scale invariance is preserved at the one-loop level. 
In particular the FI-Theta parameter t = r — iO is the dimensionless parameter of the 
theory. The toric manifold X in this case is a (non-compact) Calabi-Yau manifold. We 
can choose the sign of r as we wish; both positive and negative r are possible and the 
sigma model target space X differs in general. 

Let us now formulate the theory on the left half plane S = Rx [— oo, 0]. To fix the 
expression of the bulk action S in terms of the component field, we take the obvious 
generalization of the standard one (4.9). We also define Sa in the same way as in (4.11). 
Then we still have the simple supersymmetry variation (4.12). Now, we introduce 
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boundary real superfields Ui (with fieldstrength Tj) and the boundary interaction term 
1 N 



boundary = ^ £ / d ^ / d6dd ^ ^ ' MUi ~ Im log $i) + Re J d6 S % T % 



(4.24) 



One can show as before that the total action S to t — Sa + S} }0un dary is gauge invariant and 
super symmetric if and only if 

N 

Y / QiSi = t (mod2vriZ). (4.25) 
i=i 

We note that the one- loop renormalization group flows of Sj's and t are compatible with 
each other: The former runs as = log(/x/A)+constant while the latter runs as t = 
bi log(/x/A) only if b x = Y^iLi Qi is non-zero. In any case there are one scale parameter 
and N — 1 dimensionless complex parameters. 

It is straightforward to generalize the construction to the case of higher rank gauge 
group U(l) k = Yia=i U(i) a with N matters with charge Qi a . The condition for supersym- 
metry and gauge invariance is Yh=\ Qia s i — t a where t a is the FI-Theta parameter for 
U(l) a . 



Geometric Interpretation 

Let us find out what the above boundary interaction corresponds to in the non-linear 
sigma model limit /j<e. Integrating out the boundary superfields [/, yields the boundary 
condition 

$ i e QiV $i = c i at A-boundary. (4.26) 

We note that at high enough enrgies fi ^> A, q are all positive and one can solve the 
constraint (4.26). This boundary condition corresponds to a D-brane wrapped on the 
(N — l)-dimensional torus T in X located at 

\<t>i\ 2 = Ci- (4.27) 

It is easy to see that T is a Lagrangian submanifold of X. The parameter a% parametrizes 
the holonomy of the flat U(l) gauge field on the D-brane since the boundary term Sb oun dary 
contains the term 

1 N r 

— ^joidtpi, (4.28) 

that is obtained through the process (3.32). It may appear that the holonomy in the 
unphysical gauge orbit direction is X)£Li Qi a i — @ which is non-vanishing for a non-zero 
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worldsheet Theta angle. However, it is not the case; there is also a boundary term 
2^ Ids dx°v o (see (4.11)). At low enough energies, the worldsheet gauge field is frozen 

_ i Sili Q4i djjA _ Ejli QiCjd^ipi 

where in the last step we have used the constraint (4.27). Thus, the total holonomy term 

(4.30) 



is 

N / N IN 



1 

2^r 



J2 a%d<Pi ~ e [J2 Qi c i dl Pi / Qi°i 

i=l \i=l I i=l 



It is easy to see that the holonomy in the gauge orbit direction indeed vanishes if the 
condition 9 = Yh=i Qi a i in (4-25) is satisfied. 

We recall that the parameters q are running coupling constants, irrespective of whether 
bi = YsiLi Qi is zero or n °t- Q becomes smaller as the energy is reduced. If b\ > 0, the 
manifold X itself also becomes smaller at lower energies. Thus, in this case, there is 
a chance that the D-brane stays in the theory at low energies where the sigma model 
description breaks down. We will indeed find in the mirror description (which is the 
better description at low energies) that the D-brane stays in the theory for special values 
of Sj. If bi = 0, the size of the manifold X does not change. It is expected that, as in 
the basic example of Section 3, the D-brane disappears from the theory at extreme low 
energies. 

As usual, it is easy to exclude perturbative renormalization beyond one-loop level. We 
claim that there is no non-perturbative renormalization either in the case where b\ > 0.. 
This follows from the requirement that the correction is small at small S, at large s« for 
any i and at large t. 



4.4 Promoting Sj to Chiral Superfields 

There is actually an interesting generalization of the above construction. It is to 
promote the parameters Sj to boundary chiral superfields. The gauge symmetry and the 
supersymmetry is not spoiled even if we do so, provided the condition (4.25) is obeyed. 
Thus, we make the replacement 

s i ^S i (Z 1 ,...,Z e ), (4.31) 

where Z a are boundary chiral superfields and Si(Z a ) are holomorphic functions obeying 
J2iLi QiSi(Z a ) = t. A simple class of such functions are linear ones. This is motivated by 
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the recent work [19]. Let mf be such that J2iLi Qi'mf = 0. Then one can take 

e 

S l = J2<Z a + Sl , (4.32) 

a=l 

where Si are parameters obeying J2iLi Qi s i — t- 

When the charges Qi satisfy the condition b\ = Yh=\ Qi — 0, the bulk theory is 
scale invariant at the one-loop level and is expected to flow to a non-trivial SCFT in the 
infra-red limit. In such a case, it is natural to ask under what condition the boundary 
interaction does not break the scale invariance. We recall that q = Re(sj) is a running 
coupling constant: 

Ci(Auv) = Ci(fi) + log(AuvAu). (4.33) 

However, this running can be absorbed by the shift of the fields Z a by a certain condition 
on mf s. The condition is that there are numbers 5 a such that 

i 

= 1. (4.34) 

a=l 

In such a case, the boundary interaction is scale invariant at the one-loop level. 



Geometric Interpretation and a Constraint on the Parameters 

Let us see what this boundary interaction corresponds to in the non-linear sigma model. 
The Z Q -equation of motion yields the constraint X^Li mfDUi = X^I=i m^DUi = which 
means 

N 

^mfUj = constant at A-boundary. (4.35) 
i=i 

Here "constant at A-boundary" means that it does not depend on rr°, 6, 9. Namely, the 
coefficient of 9, 9 and 99 vanishes and the leading term is independent of x°. On the other 
hand, the equation of motion for <3>j identifies Imlog$j with C/j. (In the derivation of this 
statement the bulk and the boundary terms in the action Sa play an important role.) 
Thus, we obtain the following constarint for <3>j's: 

N 

mf Im log <E>j = constant at A-boundary. (4.36) 

i=i 

The equation of motion for the remaining [/$ yields the condition 

$ t e QiV <S>i = Re ^ mf Z a + s^j at A-boundary. (4.37) 
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The boundary conditions (4.36)-(4.37) are that for a D-brane located at 



\U 2 = E<Ca + Ci, i = l,...,N; 



(4.38) 



0=1 



AT 

77T."</7i = constant, a — !,...,£, 



(4.39) 



i=i 



where Co are real coordinates that can vary. It is a (A^ — 1) dimensional subspace L which 
is a fibration over the ^-dimensional subspace (4.38) in the |0j| 2 -plane with the (N — £ — 1) 
dimensional torus (4.39) as its fibre. It is a Lagrangian submanifold of X. We note that 
£ of the Cj parameters can be absorbed by the redefinition of ( a . Also, by the constraints 
(4.39), the dj's related by the shifts by mf are physically equivalent. There are only 
(N — £ — 1) physical parameters. 

When the charges Q ia satisfy b\ A = J2iLi Qia = 0, the target space is a non-compact 
Calabi-Yau manifold and the sigma model is scale invariant at the one-loop level (coore- 
sponding, of course, to the scale invariance of the gauge theory). We have seen that 
the condition for the boundary interaction to prteserve this one-loop scale invariance is 
given by (4.34). This actually corresponds to the condition that L is a special Lagrangian 
submanifold. 1 To see this we note that the holomorphic volume form of X is proportional 
to exp(iJ2iL\ Vi)- Under the condition (4.34), the phase is a constant 



One important thing to notice here is that ipi = Im log fa is well-defined only if \ fa\ 2 7^ 
but the equation (4.38) allows some of |0j| 2 to vanish. Generically, the subspace is singular 
or has a boundary at such a point. It is only in a special case where (4.38)-(4.39) defines 
a smooth submanifold. For example, let us consider our basic example of a single chiral 
superfield $ (where there is no gauge symmetry) and promote S to a boundary chiral 
superfield. This will yields the D-brane at tp — Imlog0 = constant. This indeed has an 
end point at <fi = and is not smooth. Similarly, in many cases L is singular for any 
values of q. However, there are some cases where L is smooth for special values of q. 
In such a case, the condition that L is smooth can be considered as a constraint on the 
parameters q. We exhibit this in the examples below. 

1 The numbers mf are related to "charges" qf (A = 1, . . . , N—t) in [19] by the relation J^ili m t < lf = 0- 
Then, the scale invariance condition (4.34) is equivalent to the condition J2iLi if = m [19] f° r ^ to be 
special Lagrangian. 



N N I t 



E <Pi = E E <^KVi = E ^*const Q . 



(4.40) 



i=l i=l a=l a=l 
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Special Lagrangian Families in C 

In this example, we do not consider a gauge theory but a free theory of N chiral superfields 
$j. One can straightforwardly apply the above contruction of boundary interaction to 
this case. (Simply ignore V and t and omit the constraints such as J2iLiQiSi — t.) In 
particular, (4.34) is still the condition of one-loop scale invariance. We will focus on such 
a case with £ — 1. Namely, the case where are all equal, say to 1. The equation 
defining the subspace L is 

\^\ 2 = C + c l (i = l,...,N), 
(pi-\ h = 0. 

This is smooth if and only if one can find a pair (i ± , i 2 ) such that c ix = c i2 < Cj for j ^ ii,i 2 - 
Otherwise, L has an end at the locus where only one 0j vanishes. If the condition holds, 
say for (11,12) = (1,2), 0i and 2 vanishes at the same time, and L is smooth since the 
defining equation can be written as 

X = 2 x exp (i52jL 3 <Pj) , 

|0.| 2 = |0 1 | 2 + c .- Cl , (j^l,2). 

In this case, the circle of ipi and ip 2 are topologically trivial in L and thus the holonomy 
must be trivial; a\ = a 2 = 0. This is relaxed to a\ = a 2 by using the freedom to shift eij 
uniformly (coming from the second equation of (4.41)). In general, we must have a« = aj 
in the branch where q = Cj. The space of (q)'s satisfying the constraint is a union of 
walls in the (N — l)-dimensional space (—1 is from the redefinition of (). We depict in 
Fig. 1 the case of N = 3. The origin is deleted since L is singular there. 




Figure 1: The constraint: The three bold open lines are the locus where L is smooth. We 
have set 03 = C3 = to eliminate the shift ambiguity. 
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0(-l)®0{-l) over CP 1 



We next consider the U(l) gauge theory with four matters of charge Qi = 1, 1, — 1, — 1. 
We stay in the region where r is large positive where the bulk theory reduces to non- 
compact Calabi-Yau sigma model. We consider the case £ = 1 where rrii = 1, 1, 1, 1. This 
is again the case where (4.34) is met and the boundary interaction is scale invariant at the 
one-loop level. For the gauge invariance and supersymmetry q and a« are constrained by 
Ci + C2 — C3 — C4 = r, a\ + a 2 — a 3 — a 4 = 9. The overall shifts of q and Oj are unphysical. 
Thus space of physical q is two-dimensional and so is that of Oj. The equation defining 
the subspace L is the same as the N = A case of (4.41). L is smooth if and only if one 
can find a pair such that q = Cj < for k 7^ 2, j. In the q = Cj branch, a, = 

must be satisfied. Thus, the parameter space consists of five disconnected pieces, each 
being an open cylinder (four of them semi- infinite). There are two points where three of 
the branches becomes close as in Fig. 1. 

In the two examples, we have seen that the smoothness of the submanifold L put 
a constraint of the parameters q and Oj. However, we notice that the geometry itself 
is derived from the action involving the boundary D-terms. We know that boundary 
D-terms are not protected even from loop corrections. Accordingly, we expect that the 
constraint on q and Oj is subject to quantum corrections as well. We will see that it is 
indeed the case. 



4.5 The Mirror Description 

In [2] , a dual description of the linear sigma model was found. Dualizing on the phase 
of each chiral superfield $j we obtain a twisted chiral superfield Yj whose real part is 
related to the gauge invariant composite of $j via 

$ i e QiV $ i = 'ReY i . (4.42) 

The dual theory has the (twisted) superpotential 

/ n \ N 

W = E[Y,QiYi-t)+Y,e- Yi , (4.43) 

\i=l / i=l 

where E-linear term appears at the dualization process and the exponential terms are 
generated by the effect of the instantons which are vortices in the gauge theory. In the 
sigma model limit where e — > 00, it is appropriate to integrate out the gauge multiplet 
and that induces the constraint 

N 

J2Q l Y t = t. (AAA) 
i=i 
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The theory becomes the Landau- Ginzburg model on this N — 1 dimensional algebraic 
torus (C X ) 7V ~ 1 with the superpotential 

N 

W = Y,e~ Yl - (4-45) 

We would now like to ask how the A-type D-brane constructed above is described in the 
dual theory. 

We first give a rough argument which in the end turns out to be the correct one. Let 
us look at the boundary interaction term (4.24). Here we replace Sj by Si which can 
either be a parameter or a boundary chiral superfield. If we use the relation (4.42), the 
Ui term in (4.24) can be made into a boundary F-term and the total boundary F-term is 
expressed as 

i N 

— ^2jdx°Rej d9 (Si - F,)T,. (4.46) 



i=1 dT, 



Thus, Tj integration yields the constraint 

Yi = Si. (4.47) 

This argument was not precise for two reasons: First, the relation (4.42) obtained in the 
bulk theory is used without paying attention to the presence of the boundary. Second, 
it ignores the other boundary interactions — the boundary term in Sa (see eqn. (4.11)) 
and the term involving Imlog^j in (4.24). We now show that the result (4.46) or (4.47) 
remains correct (with a different interpretation of Tj) even if we take these points into 
account. 

We first note that during the dualization procedure we take \<f>i\ 2 to be non-zero and 
(Pi = Imlog0i is well-defined. This allows us to shift the Ui field as Ui — (pi + U[ so that 
U[ is a single valued superfield. In terms of the shifted variables the boundary term (4.24) 
is expressed as 

i N 

Sboundary = ^ £ / dx° J d#dM, e QiV + Re f d6 S^ + Oidolfi . (4.48) 

The terms in the action relevant for the dualization are those involving </?j's: 
1 N f 

~7^:£ J \ ( f ) i\ 2 (d^i + QiV^) 2 d 2 x 

1 r r N 1 

— J ^(^u'M^ditpi + QivJ+aidotp^ + evo dx°, (4.49) 

Q<p L 1=1 



+ 

dT, 
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where -u- is the lowest component of U[. Here we have included the boundary Theta term 
2~ "^od^ (a term in Sa) in order to keep the gauge invariance: Note that (4.49) itself 
is invariant under the gauge transformation </?j — ■> (p^ + Qi<y, v M — > i> M — <9^a provided 
the condition X)£Li Qi a « = $ from (4.25) holds. Also we have ignored the terms involving 
fermions. (This is merely for simplicity and there is no obstacle to include them into 
the discussion below.) Now we consider a system of iV one form fields (-Bj)^ and N + 1 
periodic scalar fields u with the following action 



1 N 



J (-^| 2 d 2 :r + B t A d$ t + QAF V ^ + J (a t - ^)d udx° 
where F v is the curvature of v, F v = dv. We impose the boundary condition 



s' = — y 



(4.50) 



{B l ) 1 = 0. (4.51) 

If we integrate out the i^-fields, we obtain the action for twisted chiral superfields = 
\4>i\ 2 — i$i + ■ ■ ■ and £ with the bulk superpotential Wduai = £(X^i Qi^i — t) and the 
boundary interaction (4.46) in which Tj is the "fieldstrength" for Ui with the lowest 
component Wj. Thus, the rest is to show that the integration in the opposite order, $i 
first, yields the action (4.49). The variation with respect to $i gives the constraints 

dB t = QiF v on S 
(£>i)o = dou along <9E. 

The first constraint is solved by Bi = dy?j + QiV where ipi is a periodic scalar field of 
period 2n. By the second equation plus the boundary condition (4.51) this leads to the 
following relations on the boundary 

d (fi + QiV = d u, (4.52) 
dm + QiV X = 0. (4.53) 

Plugging the first relation back into (4.50) and using the relation J2f=i Qi®>% = wc 
obtain the action (4.49) without the ^--dependent terms. The condition (4.53) is actually 
equivalent to having those t^-dependent terms; integrating out simply imposes (4.53). 

Dualization is not the end of the story in finding the mirror description [2]. As men- 
sioned above, the bulk superpotential X^Li e~ Yi is generated by the instanton effect. Like 
in that case, one may wonder if the boundary F-term is generated as well. We now show 
that nothing can be generated. As in [2], we extend the gauge symmetry to U(1) N where 
each chiral superfield <J>j has charge 1 under the i-th U(l) and neutral under the others. 
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We have N FI-Theta parameters tj which is promoted to a twisted chiral superfield Tj, 
and QiSi must be the A-boundary value of Tj for gauge invariance and supersymmetry. 
For an appropriate choice of the D-terms we have N decoupled systems while for another 
limit of the D-term couplings we recover the original system. Since the deformation of 
the D-term does not affect the F-terms it is enough to show that (4.46) is not corrected 
for each %. We first note that Tj have boundary R-charge 1 while e _Yl and e~ St both 
have R-charge 2. The boundary F-term must be holomorphic in these superfields, and it 
must approach the classical expression (4.46) at large Tj and large Si. These requirement 
is satisfied only by (4.46) itself. 

4.6 Quantum Deformation of the Constraint 

The mirror of our D-brane is thus given by (4.47). This is true not only when Si 
are parameters but also when they are boundary chiral superfields. If Si are parameters, 
(4.47) means that the boundary value of Tj is fixed at Sj and we see that the mirror of 
our D-brane is a DO-brane at a point in (C X ) N ~ 1 . If Si are functions of £ boundary chiral 
superfields as in (4.31), the mirror is a D(2£)-brane wrapped on a holomorphic cycle Z 
defined by 

Y i = S i (Z 1 ,...,Z t ). (4.54) 

These are B-type D-branes in the LG model (in the flipped convention where Tj are chiral). 
B-type D-branes in LG model were brielfly studied in [15, 13] and will be studied in some 
more detail in Section 6. 

One important constraint of worldsheet supersymmetry is that the bulk superpotential 
must be a constant on the D-brane. This itself gives no condition in the case where Si are 
parameters since the mirror D-brane is at a point. However, the constraint gives a strong 
condition when Si are functions of the chiral superfield Z a so that the mirror D-brane is 
wrapped on a cycle X defined by (4.54). It constrains the functional form to be 

N 

W = e" 5l(z) = constant. (4.55) 
i=i 

This is a very strong constraint and is not satisfied by a generic function Si(Z). 

Let us see whether this constraint is satisfied in the case of linear functions Si = 
yj„ =1 m"Z a + Sj. (This discussion is motivated by [19] where the same constraint is 
obtained from a geometric consideration.) In this case, the cycle Z is the mirror of our 
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non-compact Lagrangian subspace L. The condition reads as 

N 

e -m?z a - Si = constant ( 4 56 ) 

1=1 

This requires the following condition. Let us separate the set of i's, / = {i}, into groups 
/ = U a I a where i's in each group I a have the same mf . Then, the condition is that 
J2iei a e ~ Si = f° r eac h group I a . In the case where £ = 1 and m ; = 1 for all i, this reads 

N 

Y, e ~ Sl = °- ( 4 - 57 ) 

i=l 

This replaces the classical constraint that L is smooth. In fact, in the asymptotic regions 
where two of are mush smaller than others, this reduces to the classical constraint found 
in the geometric analysis (up to a shift in the a-angle). Thus, (4.57) can be considered 
as the quantum deformation of the classical constraint. To see this let us consider the 
N = A case and send r to infinity where X approaches C 3 . We will foucus on the region 
where S4 ~ t — > 00. Then, the constraint becomes 

It is easy to see that this reduces to the condtraint depicted in Fig. 1 as long as one 
of Q = Re(sj) is large compared to the other two. One important point is that the 
region where the branches meet was excluded in the classical description but the distinct 
branches are smoothly connected in the quantum description. 

There is actually a subtlety associated with the a-angles. Let us focus on the region 
Ci,c 2 c 3 . In the geometric discussion we have found that C\ = c 2 and a\ = a 2 . On 
the other habd, the condition (4.58) is approximately e _Cl+Ml + e~ C2+m2 = in this 
asymptotic region. This means that c\ = c 2 but a± = a 2 + ir. This should be understood 
in the original linear sigma model. Including this point, many things has to be clarified. 
For instance, it is important to understand whether there is a singularity in the parameter 
space. This requires a more careful dynamical study of this gauge system on the half- 
plane (or the strip). Also, as computed in [19] in the geometric model related to this 
LG model in the weak sense of [2], the space-time superpotential as a function of Sj's is 
generated. This means that a non-perturbative correction to the beta function for Sj is 
non-zero. How it is computed directly in the LG model should also be clarified. We hope 
to discuss thoes points elsewhere. 
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The Mirror of the Compact Torus T 

Let us consider the case where Si are parameters Sj and the original A-type D-brane is 
wrapped on a compact torus T. In this case, the constraint of Yj is 

Yi = Si . (4.59) 

Namely, the mirror D-brane is the DO-brane at a point (sj) in (C*)^ -1 . Then, the 
condition that the superpotential is a constant on the brane is satisfied for any value of 
However, as we will discuss in Section 6, there is a further constraint that (s«) must 
be at the critical point of W. In the case where X is a compact toric manifold of positive 
first Chern class, one can find such a critical point as many as x(X), the Euler number 
of X. Thus, we find x(X) D-branes. For example, for X = CP 1 = S 2 , the mirror theory 
is the Af = 2 sine-Gordon model with the superpotential W = e~ Y + q e Y where q = e~*. 
The critical points are e~ y = ±y/q. Thus, we have two kinds of D-branes with 

This means that c\ = c 2 = r/2 and a x = a 2 = or n. This corresponds to the D-branes 
at the equator of S 2 with the holonomy ±1. 

In the case where X is a non-compact Calabi-Yau manifold, W is of Liouville type 
and there is no critical point at finite Yi. Therefore we cannot find a supersymmetric 
DO-brane. 



5 B-type D-Branes and Tachyon Condensation 

We turn to D-branes which preserve B-type supersymmetry. We set the phase trivial 
e l/3 = 1 unless otherwise stated. One of the basic examples is the space filling D-brane 
which is described in the non-linear sigma model (with the trivial 5-field) by the full 
Neumann boundary condition for the bosonic fields, or more completely by 

D + ¥ = at B-boundary, (5.1) 

where are the chiral superfields representing the complex coordinates of the target 
space. We would like to study more non-trivial examples in what follows. 

5.1 The System of a D-Brane and an Anti-D-Brane 

The first example we consider is the DO-brane in the complex plane. As before we 
realize the supersymmetric sigma model on the complex plane by the theory of a single 
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chiral superfield $ = + 8 a ^ a + 9 + 9 F H . We use the following action 

Sb = ^/d 2 x(|9 o 0| 2 -|9 1 0| 2 + ^4^o + K)^- + ^ + (^o-^)^ + + |i 71 | 2 ) 

E 

+ ^ J dx° (^+-^_), (5.2) 

which is invariant under B-type supersymmetry without using equation of motion nor 
any boundary condition. In the standard approach, the DO-brane at = 0o is described 
by the supersymmetric Dirichlet boundary condition for the fields which is conveniently 
summarized as 

$ = 0o at B-boundary. (5.3) 

In the "linear model approach" the same D-brane can be represented by the theory in- 
volving a boundary Fermi superfield T and the boundary interaction 

Sboundary = j ^ dx° Re J AO T($ - O ), (5.4) 

where of course the integration is along the B-type boundary 9 + = 6~ . In this way of 
writing, it is manifest that 0o is the boundary chiral parameter. In what follows, we show 
that this latter formulation appears very naturally as the infra-red limit of the system 
of D2 and anti-D2 branes with a specific tachyon configuration. Basically, $ — O that 
appears in (5.4) is the tachyon configuration. 



5.1.1 The J\f = 1 Boundary Interaction 

We consider the system of a D-brane and an anti-D-brane filling the target space (the 
complex plane in the above example). As is well-known e.g. [37], the low lying spectrum 
of this system consists of four parts — gauge fields A 1 and A 2 from p-p and p-p strings 1 
and tachyon fields T and T from p-p and p-p strings — which constitute the Chan Paton 
matrix 

' A 1 T 
T A 2 

Thus, the worldsheet path-integral receives a factor 



(5.5) 



Tr P exp 





+ M i o 



dr 



(5.6) 



1 We refer to Dp and anti-Dp branes as p and p respectively. "A p-p string" for example stands for an 
open string stretched between Dp and Dp. 
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from each boundary component C with coordinate r. Here A^dr is the pull-back of the 
gauge field A 1 to the worldline C, and T/ \ is the tachyon vertex operator in the zero 
picture, T (0) = ^D/T in which DjT = («9 7 + %A\ - iA])T and ip 1 = ^+ + There is 
a convenient representation of the Chan-Paton factor using the complex Clifford algebra 
[38] . The algebra is generated by 77 and rj obeying 

{77,77} = 1, 77 2 = 77 2 = 0, (5.7) 

and has the spinor representation spanned by vectors |0), 77 j 0} (where |0) is annihilated 
by 77) on which Chan-Paton matrices are realized as 

1 \ /oo\ /oi\ /oo\ /roN 
oJ = ^' (0 ij =iw ' (0 oJ =r? ' (1 oJ = ^ (5 - 8) 

Then, the Chan-Paton factor (5.6) can be considered as the partition function of the 
quantum mechanics represented on the (|0), 77 1 0) ) space with the Hamiltonian 

H = lA^rf?) + iA 2 T rjr) + T( ) 77 + rjT(p) . (5.9) 

Therefore, it has the path-integral representation 

J VrjVrj exp {^-j> [f]V T ri + T io) ri + r]T ( o)] dr j , (5.10) 

where V T = d/dr — iA\ + iA 2 T . Note that the gauge transformation A 1 — > A 1 — d(arg^i), 
A 2 — > A 2 — d(argg 2 ), T — > giTg^ 1 , and T — > g-iFg^ is compasated by the transformation 

v^92V9i\ v^givg^ 1 - ( 5 - n ) 

In other words, this can be considered as the gauge transformation property of the bound- 
ary fields 77 and 77. 

The supersymmetric completion of this system can be described by introducing the 
M = 1 boundary superfields including the tachyon T and the boundary fermion 77,77. 
(We come back to the Minkowski signature.) The former is a bosonic complex boundary 
superfield T which has an expansion 

T = T + iQ^DjT. (5.12) 

The latter is a fermionic superfield 

T = r ] + i9 1 G. (5.13) 
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The boundary interaction that completes the one that appears in (5.10) is given by 

Sboundary = ^J dx°d0i (TV^ + TT + IT) . (5. 14) 

In the above expression, VT is defined by V l T = (— i-^ — 26i(d — iA )^j T with 

A := Ajd^ 1 - '-Fjj^ 1 ^, (5.15) 

Aj is the gauge field of the relative gauge group U(l) rel and Fu is its 
djAj. This boundary interaction is invariant under the U{l) rel gauge 

A I -d I a{4>), 

r -> e~ iaW T, (5.16) 

It is also invariant under the gauge-modified supersymmetry transformation 

Q 1 = -iJz- + 20i (do + igA)) - , (5.17) 

where q is the U(l) rel charge of the field on which Q 1 is acting. For example, T has 
q = —1, T has q — 1, while <& 7 = 7 + i^i^ 7 (the restriction of the bulk superfield on 
the boundary) has q — 0. One can check that the superfield T, which is a function of the 
fields <fr 7 , has the right transformation property. 

Remark 1. In the above argument we have assumed that the path-integral (5.10) leads 
to the Hamiltonian (5.9). However, there is a standard operator ordering ambiguity that 
is fixed by an explicit regularization scheme; the first two terms in (5.9) could be replaced 
by i(A\ — A^)rjrj or i(A 2 T — A]_)rji], or a combination of them. This ambiguity would be 
annoying in the following discussion where we start with the Lagrangian. In what follows, 
instead of the above choice, we take the ordering where the action (5.14) corresponds to 
A 2 = and A 1 = A. In this ordering, if we would like to have a non-zero A 2 , we need to 
add the term 

AS boundary = - Jdx° (Ajdotf - - A F 2 j^^ (5.18) 
to (5.14) in which A = A 1 - A 2 . 

Remark 2. From the above result, one can also obtain the boundary interaction for the 
non-BPS D-branes [39,40] in Type II string theory. In fact the latter is defined as the 



where Aj — A] — 
curvature djAj — 
symmetry 
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(— 1) Fl orbifold of the brane-anti-brane system, where the orbifolding yields the reality 
constraint on T and T and also projects out the relative gauge field Aj. The resulting 
boundary interaction is nothing but the one used in [27-29]. The real boundary fermion 
i] was originally introduced in [41] to reproduce the interaction rule of [42] for Type I 
DO-brane [43]. 

5.1.2 The Condition of M = 2 Supersymmetry 

We would now like to find the M = 2 extension of the above result. Thus, we consider a 
supersymmetric sigma model on a Kahler manifold X formulated on a strip E = Rx [0, ir]. 
On the B-boundary, the chiral superfields $ l representing the complex coordinates of X 
become boundary chiral superfields that are expanded as 

Q^p + ep-ieedoP, (5.19) 

where ip 1 = ip\ + The anti-chiral superfields $ become boundary anti-chiral super- 
fields. 



Boundary Gauge Symmetry 

We start with introducing boundary chiral gauge symmetry. Let S = £ + 9 J — iOOdo^ 
be a boundary Fermi superfield. We would like to construct a supersymmetric boundary 
Lagrangian that is invariant under the gauge transformation 

S -> e iqA E, (5.20) 

where A is a boundary chiral superfield and q is the charge of S. As in the bulk, it is 
appropriate to introduce a real boundary superfield which transforms as 

V b ^V b -iA + iA. (5.21) 

Then a gauge invariant and supersymmetric Lagrangian is given by 

L = ^Jd9d9Ze qVb ~. (5.22) 

One can choose a "Wess-Zumino gauge" where V b has only the highest component 

V b = 266A . (5.23) 



36 



The residual gauge symmetry in the Wess-Zumino gauge is the one with A = a — iOOd^a 
with real valued a which acts on the component fields as 



£ -> e tqa £, J -> e iqa J, 
A -> A - d a. 



In this gauge, the Lagrangian (5.22) is expressed as 



(5.24) 



where VqC, = (8q + iqA )^. The ordinary supersymmetry transformation 5 = eQ — eQ 
does not preserve the Wess-Zumino gauge. To find the supersymmetry transformation of 
the component fields £, J, A , we must modify it with a gauge transformation. It turns 
out that the required gauge transformation is the one with iA = 29eA and we find 



where a* comes from an ambiguity in the choice of iA. 
Gauge Field and Tachyon on the Brane 

We would like to embed the above construction of gauge invariant interaction to the 
system of a D-brane and an anti-D-brane. We extend the M = 1 superfield V to a 
boundary Fermi superfield Y by replacing i6\ by 6 and adding the top component as 



We assign gauge charge q — — 1 to F. Here, unlike in the above construction, the boundary 
gauge symmetry is linked to the gauge symmetry on the branes. That is, the field A in 
(5.23) is a function of (ft 1 and ip 1 defined in (5.15) and the gauge transformation parameter 
a is also considered as a function of (f) 1 . There is also a tachyon field (5.12) that is a 
function of (f) 1 and ip 1 . The supersymmetry transformation of these fields are dictated by 
that of and $\ which are in components given by 



Stott, = eJ + iqa*£, 

Stat J = -2ieD £ + iqa*J, 

5 t otA) = -<9 a*, 



(5.25) 
(5.26) 
(5.27) 



r = n + 6G - ieedov- 



(5.28) 



Sft = ei>\ dip 1 = -2iW (p\ 
5(f) = —eip 1 , 5ip l = 2ied (f) 1 . 



(5.29) 
(5.30) 
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It is easy to see that the transformation of A takes the form (5.27) if and only if 

F i:i = F- 3 = 0. (5.31) 

Namely if and only if the operator d\ = dz^Dj is nilpotent and defines a holomorphic 
structure on the associated complex line bundle. The gauge transformation parameter 
a* that appears in (5.27) is given by a* = —e^Ai + eip 3 Aj. The tachyon field T has an 
extension to a boundary chiral superfield if and only if T is holomorphic, 

DjT = 0. (5.32) 

The chiral extension is then denoted by 

T = T + O^DiT - i66d T. (5.33) 

One can check that it has the right gauge and supersymmetry transformation property. 
A manifestly Af = 2 invariant boundary interaction that reduces to (5.14) is now given 
by 

Sboundary = ^ / dx° [ ^ J d0d0 T e^r + Re I dOiYT 1 . (5.34) 

In this formulation, V and T have mass dimensions and 1/2 respectively. 

Like A , the supersymmetry transformation of A^ = Ajdoft — \Ffjip 1 ip J is a pure 
gauge if and only if Ff- = F^ = 0. Namely, the latter is the condition of Af = 2 
supersymmetry of the anti-brane Wilson line term (5.18). 

To summarize, the system of a D-brane and an anti-D-brane has (B-type) Af = 2 
worldsheet supersymmetry if and only if each of the the gauge fields defines a holomorphisc 
structure for the associated line bundle, and the tachyon field is a holomorphic section of 
the relative line bundle. 



5.1.3 The DO-Branes 



Let us come back to the sigma model on the complex plane X = C. We consider the 
following configuration: 

A l> = A 1 ;=0, (5.35) 

T = - O . (5.36) 

The tachyon field T is holomorphic with respect to the trivial gauge connection and this 
should define an Af = 2 supersymmetric theory. The chiral tachyon superfield is given in 
this case by 

T = $ - 0o- (5.37) 
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The boundary interaction is now 



S b0 undary = ^ J dx° [ ^ / d0d0 ^ + Re J d6 iT ($ - C 



(5.38) 



where we have introduced the coupling constant A that has mass dimension 1/2 so that 
T = $ — (f) has dimension 0. The action, including the bulk one (5.2), is at most 
quadratic in all fields and the theory is renormalizable by itself. It is free and all the 
fields/parameters have their canonical dimension. In particular, the infra-red limit simply 
corresponds to A — > oo. Also the position parameter O is not renormalized, as we will 
show below in a more general context. In this way, we recover the interaction (5.4) that 
imposes the constraint $ = <j> . Thus, this system is identified as the DO-brane at = O - 

The above is compatible with some knowledge about DO-brane as a bound state of 
D2-anti-D2 system. For instance, it has a unit winding number at infinity [44,41]. For 
this to be really identified as the DO-brane, |T| should approach the vacuum value at 
infinity \(f>\ — > oo. As proposed/found in [28], the tachyon potential in this formulation 
is given by e~l T ' 2 / 4 and the minimum is indeed at \T\ = oo. More importantly, following 
the proposal of [28], one can compute the open string field theory effective action as a 
function of A (denoted by u in [28]) and it is minimized indeed at A — > oo. Furthermore, 
this computation gives the ratio of the tensions of the D2-brane and the DO-brane; We 
find T /T 2 = (27r) 2 which is the correct result (we are taking the unit a' — 1: if we recover 
a' this is T /T 2 = (2tt)V). 



The Non-renormalization Theorem 

Let us consider another configurations 

A 4) = A^=0, (5.39) 
T = P(4>, a p ) = a + ai4> H a k (j) k . (5.40) 

This again preserves Af = 2 supersymmetry. The chiral tachyon superfield is given by 

T = P($,a p ), (5.41) 

and the boundary interaction is 

Sboundary = ^ / dx° [ ^ J d6d6 TV + Re J d9iTP(<Z>, Op) j . (5.42) 

This is no longer quadratic in fields and the system has a non-trivial interaction. It may 
appear hard to controle the quantum correction in this system. However, supersymme- 
try strongly constrains quantum corrections to the boundary F-term. We note that the 
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system preserves the U(l) R-symmetry under which T and $ have charge 1 and re- 
spectively. This shows that the boundary F-term is always linear in T, and the possible 
correction resides only in the boundary superpotential P($,a p ). The effective boundary 
superpotential must be holomorphic in $ and a p 's, and must respect the U(l) x U(l) 
global "symmetries" where T, <3> and a p have charge (—1,0), (0,1) and (1,—p) respec- 
tively. It is also required to approach the classical value P(<&, a p ) = Ylp=o a p & p in the 
limit a p — > 0. As in [34], these conditions are enough to constrain the boundary su- 
perpotential not to receive quantum correction at all. Of course, the boundary D-term 
/ d9d9 can receive corrections. 

Multiple DO-Branes 

Let us consider the boundary superpotential 

k 

T=n($"0a). (5.43) 

a=l 

We have seen that <f) a are not renormalized. When <p a ^ fa for a ^ b, the infra-red limit 
simply chooses one <p a and there are in total k copies of the trivial fixed point we have 
considered above. In particular, the boundary entropy at the infra-red limit is k times 
that of the trivial one, and so is the tension 

tension = kT . (5.44) 

Thus, this corresponds to k DO-branes located at fa, . . . , fa. 

Let us compute the open string Witten index — Tr(— 1) F of the theory formulated on 
the segment < x 1 < n. We first consider the case where one end of the string carries 
the above boundary interaction and the other end is free (pure Neumann corresponding 
to D2-brane). For the purpose of computing the index, we can take the zero mode 
approximattion where we ignore the x 1 dependence. Then, the supercharge Q is given by 

k 

Q = ^fj) - i\rj Y[(<j> - fa) 

= -U" °M« i)-*m+-<u{ i-Xs ;)• (5 ' 45) 

where the matrix representation is with respect to the basis (|0), -0 1 0) ) ® (|0),7j|0)). The 
supersymmetry equation Q = = is solved by the wavefunction /|0) + gipfj\0) where 
/ and g are functions of 0, that obey 

-d/d4> Anti(0-0a) 

Alt=i(0-0J -d/dct> 
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This is identical to the Dirac equation for the fermion coupled to a fc-vortex. As is well 
known, there are k normalizable solutions for any values of <f> a . Thus, we find that the 
Witten index is in this case 

Tr(-1) F = k. (5.47) 

Next let us consider the case where both ends of the string carry the above boundary 
interaction. In that case, we have two boundary fermions i] and r) n , one at x l = and 
the other at x l = ir, and the supercharge Q in the zero mode approximation is given by 

k 

Q = ^0 - + ^ Y[(<fr - <fra) 

o=l 




(5.48) 

It is straightforward to show that the number of bosonic and fermionic supersymmetric 
ground states are the same. Thus the index in this case vanishes 

Tr(-1) F = 0. (5.49) 

The results (5.47) and (5.49) are consistent with the interpretation of the boundary in- 
teraction as k DO-branes; As is well-known [45], the Witten index in this situation is the 
intersection number of the corresponding cycles. The complex plane C and k points in C 
have intersection number k, whereas the points in C have self intersection number zero, 
in agreement with (5.47) and (5.49). 



D-Brane wrapped on a Divisor 

The above construction generalizes straightforwardly to the case where the target space 
is an arbitrary Kahler manifold X. Let £ be a holomorphic line bundle over X with a 
hermitian fibre metric h. We assume that it has a global holomorphic section F. Let us 
consider a boundary Fermi-superfield Y with values in Cr x and the following boundary 
interaction 

1 



^boundary / 
Z7T J 
<9£ 



d^/i- 1 ($,$)rr + Re J d#T\F($) 



(5.50) 



This corresponds to a configuration of the space filling D-brane and anti-D-brane. The 
D-brane and the anti-D-brane support the gauge bundle £ (with the hermitian connection 
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associated with h) and the trivial bundle Ox respectively, and the tachyon configuration 
is given by 

O x C. (5.51) 

We note that /i($, $) that appears in the boundary D-term can receive a lot of quantum 
corrections, but F(Q) is not renormalized at all. 

In the case where the zero of F is simple and F = is a smooth hypersurface D in 
X, we expect that h(Q, <3>) vanishes in the infra-red limit and we obtain a constraint 

F(¥) = 0, (5.52) 

on the boundary. Then, the system can be identified as a D-brane wrapped on D. We 
note that the co- normal bundle (the normal cotangent bundle) of D in X is equal to jC\d- 
Thus, the Fermi superfield T can be considered as taking values in the co-normal bundle 
of D. This is consistent with the interpretation of (the lowest component i] of) T as 
the Gamma matrix in the normal bundle, which is the basic element of the Atiyah-Bott- 
Shapiro construction of lower-dimensional D-branes [41]. In a more general case where 
F = does not define a smooth sub manifold but a divisor D, the boundary interaction 
may flow to a non-trivial fixed point. For instance, if F = f k with / transversal, the 
system corresponds to k D-branes at / = 0. If F — f±f 2 where fi and / 2 have common 
zeroes, it corresponds to intersecting D-branes. 

A remark is now in order. It is natural to expect that the data for the bundle L are 
chiral parameters. However, they do not appear in the boundary superpotential but in the 
transition function that relates T's in different patches. Thus, in the present description 
these parameters are not manifestly chiral. This is analogous to the similar drawback of 
the patchwise description of the non-linear sigma model: it is not manifest that Kahler 
class parameters are twisted chiral. As we will see shortly, if the bulk theory is realized 
as the linear sigma model, one can find a global descriptions where patch-wise definition 
is not necessary. 

5.2 Multiple D-Branes and Anti-D-Branes 

We next consider the system of m D-branes and m anti-D-branes. Here we do not 
construct the boundary interaction for general configurations, but provide constructions 
for a certain class of configurations. In particular, we consider the case where m = rh = 
2'n-i f or some positive integer n. In such a case, the 2 n_1 + 2™" 1 dimensional Chan-Paton 
factor is realized on the irreducible representation S of the n-dimensional complex Clifford 
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algebra 

{Vi,fii} = hj, {Vi,Vj} = {Vi,Vj} = 0, i,j = l,...,n. (5.53) 

The representation S is constructed from a vector |0) annihilated by rji by multiplying 
creation operators rj^ It decomposes into two subspace S + and each with dimension 
2 n_1 , which consist of vectors • • • Vi B \ty with even s and odd s respectively. The 

Chan Paton matrix takes the form (5.5) where the block decomposition corresponds to 
the decomposition S = S + © S— The diagonal blocks A 1: A 2 are represented by even 
polynomials in r]i,r] i whereas the off-diagonal blocks T,T are represented by odd polyno- 
mials. 

We consider the sigma model on R 2n = C" with the real coordinates x^ or the complex 
coordinates <p % = x 2l ~ l + ix 2 \ We take the following configuration 

2n 2n I n n \ 

= E^ = E^ " . (^4) 

where are the 2n dimensional Gamma matrices. This is motivated by the Atiyah-Bott- 
Shapiro construction [46] that has been proposed to be identified in [41] as the tachyon 
configuration for the condimension 2n D-brane. (A linear profile is also the one that is 
seen from the D-brane probe [48].) Since the Gamma matrices T M are the real and the 
imaginary parts of rji, this configuration is represented by 

n n 
i=l i=l 

Repeating what we have done in the system of one D-brane and one anti-D-brane, we 
obtain the following boundary interaction corresponding to this configuration: 




boundary = ^E / d ^ ^2 / d6d6 + Re / d6iT ^ 



(5.56) 



Here Tj are the boundary Fermi superfields with the lowest component rji. 

This boundary interaction is quadratic in all fields and is renormalizable by itself. In 
fact, this is simply the sum of n copies of the system of a DO-brane in the complex plane. 
The parameters Aj go to infinity in the infra-red limit and we obtain the constraint 

= at B-boundary. (5.57) 

Thus, this system is identified as a DO-brane at the origin of C™. The partition function 
of the system is simply given by the product IIT=i ^(\) where Z{\) is the partition 
function for the system corresponding to a DO-brane in the complex plane. Following the 
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proposal of [28] on the open string field theory action, we can compute the ratio of the 
tensions, say of D9-brane and D(9 — 2n)-brane. We find T 9 _ 2n /T 9 = (2n) 2n which is again 
the correct result (in a' = 1). 

We note here another representation of the tachyon configuration (5.54) [47,46]. The 
spinor representation S tensored with the trivial bundle O over C™ can be identified as 
the exterior algebra over 0® n under which 

VhVi2 ■■■Vi k I top) < — ► e h A e i2 A • • • A e ik , (5.58) 

where [top) := rj l rj 2 ■ ■ -r} n \0) and (ei, . . . , e n ) is a "basis" of 0® n . The operator Yh=\ Vift 
that appears in the expression (5.55) is then identified as the wedge product by = 
Yh=i ^ify 1 ■ From this we see that the tachyon configuration is obtained by folding the 
complex 

into maps between [\ even 0® n and A° dd 0® n . The complex (5.59) is called the Koszul 
complex. We note that the operator 0A appears in the boundary F-term in (5.56). 



5.3 D-Branes in Gauge Theory 

Now, we generalize the above construction of B-type D-branes to supersymmetric 
gauge theory. This yields a global description of D-branes in toric manifolds. 1 



Space-filling D-Brane 



We first provide the the boundary interaction corresponding to the space-filling D-brane 
in the non-linear sigma model limit. For simplicity we will mainly be talking about the 
U(l) gauge theory with a single chiral matter field, but we will freely move to more genral 
cases as the generalization is obvious. For the bulk action S and other things, we use the 
notation fixed in Section 4.1. 

The supersymmetry variation of the action S in (4.9) is a non- vanishing boundary 
term, as studied in [13]. If we modify the action as 



S + 



as 



- VV0-) - - ^)I0| 2 
+■ -^{9 1 | ( r| 2 + 2Im( ( 7(D 



iv i 



i(ta — ta) 



(5.60) 



1 Boundary conditions in gauged linear sigma models for B-type D-branes were studied in [13, 15]. A 
construction similar to the one in this subsection has been presented in the talk [25]. 
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it is invariant under B-type supersymmetry (with the trivial phase e lfB = 1) 

SS B = 0. (5.61) 

The boundary condition derived by varying the action Sb contains ip + = ip- and a = a 
which are completed as 

_ at B-boundary, (5.62) 

where T>± = e~ v D±e v . Note that the first condition is gauge invariant since e y $ trans- 
forms as e y $ — > e tA e v $ with A anti-chiral. We also have another boundary condition 

Voi = - e 2 9. (5.63) 

Under the boundary condition (5.62), the boundary terms in (5.60) simplifies so that the 
action becomes 

9 f a+a 



as 

In the sigma model limit e^/r — > oo, e.g. in the CP^ -1 model where there are N fields 
of charge 1, the field a is frozen at 

°- ' (5 ' 65) 

Thus, the boundary term in (5.64) is interpreted as a fermion bilinear in the non-linear 
sigma model. One can see that this is equal to the fermion bilinear boundary term in the 
super symmetric B-field coupling 

i J 5/jd^ A d<f) J + % - J dx°B IJ ^ I ^ J - (5.66) 

s as 

Here the bulk B-field term comes from the Theta term ^ f E void 2 x where t> M is given in 
the sigma model limit by 

v "~2 ElM 2 ■ (5 ' 67) 

This is a gauge field of the line bundle 0(1) over CP^ -1 . 

As remarked in [13], there are different formulations of the non-linear sigma model 
when the boundary is coupled to a U(l) gauge field with no n- vanishing field strength. 
This is true also when the B-field is non-vanishing. In one formulation we change the 
boundary condition of the bosonic fields from pure Neumann to mixed Dirichlet-Neumann 
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condition, and accordingly the boundary condition of the fermons is changed as well. In 
the other formulation, we do not touch the boundary condition (for both bosons and 
fermions) but, for supersymmetry, we add a fermion-bilinear term on the boundary as 
(5.66). As explained in [49] in the bosonic string theory, the two formulations lead to the 
same space-time theory. The consideration in [13] corresponds to the first formulation. 
Here we took the second formulation; (5.62) reduces to the pure Neumann boundary 
condition in the non-linear sigma model limit and the boundary term in (5.64) reduces 
to the boundary term in (5.66). 



The Boundary Interaction for Lower- dimensional Branes 

Now we construct a boundary interaction corresponding to brane-anti-brane system with 
tachyon condensation. To be specific, we consider the U(l) gauge theory with N chiral 
superfields $j of charge Qi which reduces at low enough energies to the non-linear sigma 
model on a toric manifold X = C N //C x . We denote by O x (p) the line bundle (C^ x 
C)//C x over X where A G C x acts on the second factor c G C by c i— > \ p c. 

We first recall that the bulk gauge symmetry and the vector superfield become, when 
restricted to B-boundary, a boundary (chiral) gauge symmetry and a boundary vector 
superfield. The bulk Wess-Zumino gauge reduceds to the Wess-Zumino gauge on the 
boundary where the vector superfield is expressed as 

V = 299 (vo - ^1) . (5.68) 



2 

In the sigma model limit (where and a are given by (5.67) and (5.65) in the case X = 
CP^ -1 ), this combination v — (a + a)/2 is precisely of the form A = Ajdo^ 1 — \F I jifj 1 ijj J 
that appears in (5.15), where Aj is the gauge field of the line bundle Ox(l)- 

Let F(<&) be a polynomial of $j of charge q. For this we introduce a boundary Fermi 
superfield T of charge —q. We consider the following boundary interaction 

Sboundary = ^ / dx° J dOdOT e~ qV T + Re J d9 rF($)] (5.69) 

as 

This is manifestly gauge invariant and supersymmetric. At low enough energies where 
the bulk theory reduces to the non-linear sigma model on X, F reduces to a boundary 
Fermi superfield with values in Ox(—q) and F(<&) determines a holomorphic section of 
Ox{q)- In this limit, the above boundary interaction reduces to the one given in (5.50) 
where the hermitian metric h is the one coming from the standard Euclidean metric of 
C. In particular, this boundary interaction corresponds to the tachyon configuration 

Ox O x (q). (5.70) 
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If F has only simple zero, this corresponds to the D-brane wrapped on the hypersurface 
D 

F = 0. (5.71) 

Of course, the charge — q for T is compatible with the fact that the co-normal bundle of 
the hypersurface D is equal to O x {— q)\d- 



Intersection of Hypersurfaces 

It is straightforward to generalize the construction for D-branes wrapped on the intersec- 
tion of hypersurfaces Fi — 0, . . . , F t — 0. If Fp is a charge qp polynomial, the boundary 
interaction is just 



boundary = £ ^ / dx 



l — f d0d9rpe- q e v rp + Re f d9 r /3 F /3 ($) 



% e b,p 



(5.72) 



where is a boundary Fermi superfield of charge — qp. We note that the vector R- 
symmetry (that becomes the boundary R-symmetry at B-boundary) is always unbroken 
in the bulk theory. Thus, the boundary F-term is always linear in Tp, and the non- 
renormalization theorem applies to Fp, as before. 

The tachyon configuration is the one obtained from the Koszul complex associated 
with £ = ® l p =l O x {qp) and F = Y!p=i epFp; 

O x 1^ ^£ 1^ f\ 2 S ^ . . . ^ [\£, (5.73) 

by folding into the maps between f\ even £ and /\ odd £. 



6 B-Type D-Branes in Landau-Ginzburg Model 

In this section, we consider B-type D-branes in a theory with bulk superpotential. 
This leads to the construction of D-branes in linear sigma models corresponding to hy- 
persurfaces or complete intersections in toric manifolds. Another motivation is to study 
the mirror of the A-type D-branes identified in Section 4. 

Let us consider a Landau-Ginzburg model with the superpotential W(&). The bulk 
action includes the F-term 

S w = J d 2 a:Re J d 2 6W(<!>). (6.1) 

E 
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The B-type supersymmetry transformation of this F-term is 

6S W = J d 2 xRe J d 2 9 [-e(Q + + Q-)W($) + e(Q+ + Q.)W($)] . (6.2) 

as 

Using the relations Q±W($)\ d±=0 = "($)|^± =Q andQ±lU($) = (D±-2i6 ± d±)W(<Z>) = 
— 2i9 ± d±W(Q), and performaing the partial integration, we obtain 



5S W = J dx°Re J d 2 6ie(0+ -6-)W(&) 

as 

= J da; Re J d9(-ie)W($). (6.3) 

dE B 

This vanishes if we require 

W($) = constant at B-boundary. (6.4) 

This is the case if we consider a D-brane on which W is a constant, which is the condition 
found in [13] by component analysis. 

We can apply this argument to the linear sigma model which corresponds to sigma 
models on a complete intersection M in a toric manifold X. In this case, it is natural 
to choose zero as the constant value of the superpotential (6.4). Combining this with 
the construction in the previous subsection, we can construct the boundary interaction 
that corresponds to D-branes in M wrapped on the holomorphic cycles defined as the 
intersection of M and Fi — ■ ■ ■ — Fi — 0. 



6.1 DO-Branes in Massive Theory 

In what follows, we focus our attention to DO-branes in massive LG models. By 
massive, we mean that all the critical points of the superpotential W are non-degenerate. 
In other words, all the critical points are isolated and the Hessian (the determinant of the 
second derivative matrix) is non-vanishing at each of them. More general cases such as 
higher dimensional D-branes in scale invariant models are also important, say, for string 
theory applications, but they will be discussed elsewhere. 

Since DO-brane is a point, the condition (6.4) is vacuous. However, if the point is not 

one of the critical points, any classical configuration will not attain the zero energy. We 

expect that the worldsheet supersymmetry will be spontaneously broken. 1 To examine 

1 Non-zero energy does not necessarily mean supersymmetry breaking, as the example of A- type D- 
branes in LG model shows [13]. 
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this, let us look at the expression of the supercharge 

Since the boundary point, say at x 1 = n is locked at that point, we see that the supersym- 
metry is indeed broken for any configuration. Thus, we will not consider such a D-brane. 
In other words, DO-branes must be located at one of the critical points of W. 

6.2 Supersymmetric Ground States 

Let us compute the supersymmetry index or, if possible, determine the supersymmetric 
ground states for an open string stretched between two critical points p a and p^ of W. 
Let us first consider the case p a 7^ pb- Then, by the same reason as above, there will be 
no supersymmetric ground states. In particular, the supersymmetry index vanishes 

Tr a6 (-1) F = a^b. (6.6) 

Let us next consider the case where a = b. One can always choose the variables so that 
4>i = at p a and W = J27=i m ^f + • • • where + • • • are cubic or higher order terms. For 
the purpose of computing the index, one can deform the Kahler potential so that it takes 
the form K = J27=i 1^*1 2 + ' ' ' an< ^ one can a l so neglect the higher order terms + • • • in K 
and W. Then, the computation reduces to that of the free massive theory. 

The Free Massive Theory 

We are thus led to consider the theory of a single chiral superfield $ with the Kahler 
potential |$| 2 and the superpotential 

W = m$ 2 . (6.7) 

Since this theory is free, not only the Witten index, but also the complete spectrum can 
be determined. 

The action of the strip R x [0, tt] after elimination of the auxiliary field is given by 
S = J d 2 x(|,9o0| 2 -|9 1 0| 2 -|m0| 2 + ^_(9o + 9 1 )^-+# + («9o-9 1 )V' + 

RX[0,7T] 

— m^ + ip- — rnip _ip + J. (6.8) 
The boundary condition is that of the D-brane at the critical point = 0: 

$ = at B-bounday. (6.9) 
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In components, this is 

= 0, 



&tx 1 = 0,ir. (6.10) 



The B-type supersymmetry transformation is given by 



8(f) = € (if,_ 

5(i>-+4> + ) = -2ied (f), (6.11) 
S(ip_ — 4>+) = 2iedi4> + 2em0. 

This motivates us to change the variables as 

&-=^-, c -=^-' ( 6 - 12 ) 

so that the boundary condition is simply b = at x 1 = 0, n. In terms of these variables, 
the fermionic part of the action can be written as 

1 t 

S F = — J d 2 x( ibd b + icd c + b(idic + mc) + (—id{c + mc)b ) (6.13) 

Rx[0,tt] 

From this we see that we also need to impose the boundary condition %d\c + mc = at 
x 1 = 0, 7r. Thus, we are led to the following mode expansion: 

oo 

0=]T0 n (e iral -e-* ral ), (6.14) 

71=1 
OO 

b=Y / K(e tnxl - e~ mxl ), (6.15) 



71=1 



id l c + mc=Y / ^Jn 2 + \m\ 2 d n {e mxl - e~ inxl ), (6.16) 



n=l 



where \Jn 2 + \m\ 2 is for later convenience. The last equation and its complex conjugate 
are solved by 



c = c (x) - £ ^(e- 1 + e— X ) + = 4(e^ - e"*" 1 ) . 

n =i [ Jn 2 + \m\ 2 Jn 2 + \m\ 2 J 

(6.17) 

where cq{x) solves the equations id±c + mc = and —id{c + mc = 0. A general solution 
of the latter is given by 

c (x) = c+ e |m|xl + Cq e~ |m|xl (6.18) 



in which Cq is "real" in the sense that 



(4) f = =F<Acf . (6.19) 
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In terms of these Fourier modes, the action can be written as S — J dtL where 
L = iU + jt (l^l 2 - (™ 2 + H 2 )l0n| 2 + ibib n + iSjn + sjn 2 + \m\ 2 (bid n + S n b r , 

n=l ^ 

in which £ is the following complex combination of Cq and Cq : 



(6.20) 



g7r|m| g— n\m\ 



\ 4ii\m\ v y \m\ 

This system is indeed supersymmetric with respect to the variation 



5(f) n = eb n , 5b n = -ie(/) n , 5d n = eyn 2 + |m| 2 n , <5£ = 0, (6.22) 

that follows from (6.11). The system of (f> n , b n , d n for each n is the (complexified) super- 
symmetric harmonic oscillator and the quantization is standard. In particular, it has a 
unique supersymmetric ground state |0) n . On the other hand, the zero mode system of 
£ has vanishing Hamiltonian and the two states |0)o and £|0)o are both supersymmetric 
ground states. Thus, we see that the total system has two supersymmetric ground states 

|0>, £|0), (6.23) 

where |0) = ®^ =0 |0) n . In particular the index vanishes 

Tr(-1) F = 0. (6.24) 



The General Case 

From the above analysis, we conclude in the general massive LG model that 

Tr a6 (-1) F = for any a and b. (6.25) 

Namely, the index vanishes not only for a ^ b but also for a = b. Moreover, in the case 
where the quadratic approximation around the critical point is good enough, we see from 
the above analysis that (for a — b) there are 2 n supersymmetric ground states if there are 
n LG fields, half bosonic and half fermionic; 

|0>, &|0>, £i£ 2 -"-£JO>. (6.26) 

We claim that this is true for any critical point p a of a massive LG theory if the man- 
ifold on which the superpotential is defined is Calabi-Yau (like C n or (C x ) n ). Namely, 
in such a theory, quadratic approximation is always exact as long as determining the 
supersymmetric ground states is concerned. This can be seen by the correspondence of 
the supersymmetric ground states and the boundary chiral ring elements. To explain this 
it is best to perform topological twisting. 
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6.3 Open Topological Landau-Ginzburg Model 



The twisting can be performed, as usual, by gauging the U(l) R-symmetry by the 
worldsheet spin connection. In the present case, the vector U(l) R-symmetry is broken 
by the massive superpotential. We assume here that the target space M on which the LG 
superpotential is defined is a non-compact Calabi-Yau manifold so that the axial U(l) 
R-symmetry is unbroken and we can twist the theory (B-twist). Twisting changes the 
spin of the fields as shown by the new notation below 

?- = ^, = (627) 
^- = Pi, ^\ = Pj, 

(ip, ip are scalars while p z and f>z define a 1-form). Energy- momentum tensor is exact with 
respect to the operator 

Q = Q + + Q_, (6.28) 

which is scalar after twisting, and we define the space of "physical operators" as the Q- 
cohomology of the operators. The variation of the fields S = —eQ in the new notation is 
given by 

5^ = 0, _, - -i, 

where is the worldsheet complex structure. From this we see that the physical op- 
erators are the holomorphic functions of 0* (i.e. holomorphic functions on M) modulo 
functions of the form v % djW where v l di is a holomorphic vector field on M. The physi- 
cal operators are in one-to-one correspondense with the supersymmetric ground states of 
the original LG model on the periodic circle (which are identified as the Q-cohomology 
classes of states). The state corresponding to an operator O is the one that appears at 
the boundary circle of the semi-infinite cigar of the twisted model where O is inserted at 
the tip [50]. The correlation functions of operators 0±, . . . , O s on a Riemann surface of 
genus g is given by 

(Ox • ■■O s ) g = £ 1 (p a ) ■ ■■O s (p a )(detd i d j W) 9 - 1 (p a ). (6.30) 

p a :critical point 

Here the coordinates defining the derivatives didjW are such that the holomorphic n-form 
Q is expressed as d^ 1 A ■ ■ • A d0 n (a choice of Q is required because of the chiral fermionic 
determinant). 

The above summarizes the topological LG model on a Riemann surface without a 
boundary [51]. One important thing to notice is that the operator Q in (6.28) is the one 
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that is conserved when the theory is formulated on the strip with B-type boundary con- 
ditions/interactions. This suggests that one can also consider twisting B-type boundary 
theory. (B-boundary breaks the axial U(1)r but this is not a problem: the worldsheet- 
boundary also breaks the local rotation symmetry.) For DO-branes in a massive LG model, 
we only have to translate the boundary condition. The Wick rotation to the Euclidean 
signature has to be made first on the strip [13]: we continue x° — > —ix 2 and the complex 
coordinate z that appears in (6.27) is defined by z = x l + ix 2 . Then, the boundary 
condition (jf = const, + — and + ip\ = is translated as 



where const is the coordintae value of a critical point, say p a , and p l n is the normal 
component to the boundary. In particular, the fields remaining on the boundary are 
qi ._ ^ji _ ^ foe tangent component p\ of p 1 , and the normal derivatives of all fields 
including rf := ip % + ip\ The Q-variation of these fields can be read from (6.29) as 



From this we see that Q-cohomology classes are made of 9 l and there are 2™ of them: 



As in the case without boundary, there is a one-to-one correspondence between the su- 
persymmetric ground states of the original LG model on the segement [0, ir] and the 
Q-cohomology classes of the boundary operators; The state corresponding to an operator 
O is the one that appears at the back of a semi-infinite thin tang of the twisted model 
where O is inserted at the tip [52]. Therefore, we have established from (6.35) that the 
spectrum (6.26) of the supersymmetric ground states is an exact result. 

Let us compute some correlation functions. We first consider the correlation functions 
on the finite size cylinder, E = S* 1 x [0, ir]. We impose the boundary condition correspond- 
ing to the DO-brane at p a and pb at the boundary circles S 1 x and S 1 x ir. If p a ^ pb, no 
configuration is Q-invariant and therefore all the topological correlation function vanishes. 
If p a = Pb, the constant map to p a is Q-invariant and the path-integral can be exactly 
performed by the quadtratic approximation around the constant map. Thus, we can com- 
pute the correlators using the free massive theory. (One can consider it as a sum of n 




(6.31) 
(6.32) 
(6.33) 



Sdntf = 0, 

59* = 0, 

5p l T = 2ed n <P\ 



Sd n <j) = ed n n\ 
8d n rf = 0. 



(6.34) 



1, 9\ Pffl, 9 1 9 2 ---9 n . 



(6.35) 
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decoupled free system; Since the deformation of D-term does not affect the topological 
correlation functions, one can choose the Kahler potential so that K = Y^Li l^il 2 + ' ' ' 
at the same time as W = Yh=i m i^1 + • • ••) First thing to notice is that there are 2n 
fermionic zero modes on the cylinder; for each % the functions cq(x) and cq(x) as in (6.18) 
with |m|c^ = =pimc^ define the zero mode. Thus, we must insert 2n fermionic operators 
for the amplitude to be non- vanishing. In particular, the partition function vanishes (this 
rederives Tr(— 1) F = 0). Now, let us insert 

(Q)n ._ e lQ2._ e n (g gg) 

at a point of each boundary circle. The computation reduces to that of the n = 1 free 
massive theory which we have studied above. In fact we have already developed the 
machinery of computation. Since 6> = ■?/>„ — ip + = V2c, what we want to compute is 

Tr((-l) F e-^2c(0)c(7r)). (6.37) 

It is easy to see that only the zero mode c (0)co(tt) contribute in this computation. In 
terms of the normalized variables ^ or £, £, we have 



.171 n\m\ . 171 n\m\ \ .171 7r|m| , .171 n\m\ 

c c 7T = r e" — t + Ji-r—r \- l r~\ e ~^ + + 4 At— r e~ * C 

\ V to V to / V V to V m 



m 
Iml 



■(e l|m| - e"" |m| )r^ + = 27rim^. (6.38) 

|/ft| 

Then (6.37) is 

Aixim ((0|ff |0) - (0|ffff |0)) = 47rim(0 - 1) = -Amm. (6.39) 



We note that m is the second derivative of the superpotential W"(4> = 0) = 2m. Thus, 
the correlation function in the general case is given by (up to a numerical factor) 

((^)"(0)(^)"( 7 r))c y a i m dc r = det d^Wipa). (6.40) 
On the other hand, by the factorization of the topological correlators, we have 

((9y\0)(9y\n))^ mdcr = ((^) ,l a)rf(0^) n )L k) (6.41) 

where rf h is the inverse matrix of r\ a b = Y. c O a {Pc)Ob{p c ) / det didjW(p c ). If we choose 
as the basis of physical operators the functions e a such that e a (pb) = 5 a; b, then we have 
ri ah = 5 afi det didjW{p a ). It thus follows from (6.40) and (6.41) that ((9) n e a ) a disk = 1. Also 
it is obvious that {(9) n e b ) disk = if b ^ a. To summarize, we have obtained 

m n oy disk = o( Pa ). (6.42) 
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The Sine- Gordon Model 



As an example, let us consider the M = 2 supersymmetric sine-Gordon model; the LG 
model of a cylindrical variable e~ Y with the superpotential 

W = e~ Y + qe Y . (6.43) 

This superpotential has two critical points e~ Y = iy^ at which the Hessian is d\W = 
±2y/q. Some non-vanishing sphere amplitudes are 

(e- y ) 52 = l, (6.44) 
(e- Y e- Y e- Y ) S 2 = q. (6.45) 

On the other hand, the disk amplitudes are computed using (6.42) as 

Wdisk = 1, (6-46) 
(9e- Y )^ sk = ±^, (6.47) 

where the superscript ± stands for the location of the D-brane, e~ Y = ±y/q. 



6.4 Comparison to the Sigma Models 

The sigma model on an n-dimensional toric manifold is mirror to a LG model of n 
variables. As shown in Section 4.5, the DO-branes in such a LG model are the mirror of 
the D-branes wrapped on a certain Lagrangian torus. Thus, such D-branes in the toric 
sigma model must have the same properties as DO-branes in the LG model studied in 
this section when the theory is massive: Open string Witten index must be zero for any 
pair of D-branes; Space of supersymmetric ground states must be 2 n dimensional as in 
(6.26); the topologically twisted theory must have the same correlation functions. Here 
we check some of these properties directly in the non-linear sigma model (although it is 
not necessary because we have a proof oi the mirror symmetry). 

For our purpose, it is convenient to start with twisting the theory. We are now 
considering A-twist where Q = Q + + Q_ becomes the scalar operator that defines "phys- 
ical operators". If we put A-type boundary condition/interaction, we can also consider 
twisting the theory with boundaries. We recall that our D-brane is wrapped on a real 
n-dimensional torus T embedded in the toric manifold X. The theory has t, the complex- 
ified Kahler class, and Sj, the parameters determing the location of T and the holonomy 
of flat U(l) bundle on T (which are related so that ( e _Sl ) is at the critical point of (4.45)). 
The twisted theory depends only on these parameters and independent of the detail of 
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the metric. In particular, one can choose the metric of X so that a neighborhood of T is 
that of the n-torus T n in the flat cylinder C ra /Z ra , where T n is the real section R n /Z n . 
This is possible at the values of Sj we are choosing. 



Now, the A-twist changes the spin of the fermions so that the following renaming is 
natural 

i/>t = x\ ^+ = T, 

W- = pI, i>\ = A- 

The boundary condition (jf = ~<j? , ifj l _ — and = ty\ is translated to 



(6.48) 



= <j>\ (6.49) 

X 1 = f, (6-50) 

A = A, ( 6 - 51 ) 

where z is a worldsheet coordinate whose real part is normal to the boundary. The 
variation 5 = eQ of the remaining variables at the boundary is given by 

5(^ + ^) = e( X l + t), (6.52) 

5(x l + t) = 0, (6-53) 

5(pl + A) = M$z<P l ~ dzt)- (6.54) 



From this we see that the Q-cohomology classes are in one-to-one correspondence with 
the de Rham cohomology classes of the torus T n , or 

Q-cohomology group = H* DR (T n ), (6.55) 

just as Q-cohomology group = H* DR (X) in the bulk theory. By the state-operator cor- 
respondence as before, this is identified as the space of supersymmetric ground states of 
the theory on the segment with the same boundary condition at the two ends. Obvi- 
ously, H* DR (T n ) is 2 n -dimensional and has a basis like (6.26). In particular, Witten index, 
identified as the Euler number of T n , vanishes. 



The CP 1 Model 



Let us consider the CP 1 model. This theory is mirror to the sine Gordon model with 
q = e _< and must reproduce the result obtained in the previous subsection. As we 
have seen in Section 4.6, the D-branes for the two values of (sj), s± = s 2 = t/2 and 
si = s 2 = t/2 + 7ri, are both wrapped on the equator of CP 1 but differ in the Wilson line. 
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The topological CP 1 sigma model for worldsheet without a boundary has been well- 
studied. It has two operators 1 and H where if is a second cohomology class represented 
by a delta-function 2-form at a point of CP 1 . Non- vanishing sphere correlation functions 
are 



The first comes from the constant maps; one insertion of H require the insertion point to 
be mapped a given point of CP 1 and there is only one such map. The second comes from 
the degree 1 maps; the three insertions of H requires three insertion points to be mapped 
to given three points (one for each) of CP 1 and there is one such map. The factor e~* 
comes from the classical action. The result (6.56) and (6.57) are in agreement with (6.44) 
and (6.45) under the identification H = e~ Y . 

Now let us consider the amplitudes on the disk D 2 . The non-trivial boundary oper- 
ator is the first cohomology class of the equator T of CP 1 which is represented as the 
delta function 1-form at a point of T. We denote it by Let us count the number of 
deformations of maps in some classes. First, the constant maps. Since the boundary dD 2 
must be mapped to the equator T, the whole disk must also be mapped to T. Obviously 
there is a one dimensional modulus — the position in T. Next, degree one maps. As is 
well-known, SX(2, R) can be considered as the parameter space of such maps (it comes 
from the action on the upper-half plane as ( — > (a( + b)/(c( + d)). Thus, the parameter 
space is three-dimensional. The maps of higher degree have more moduli. For an ampli- 
tude to be non-vanishing, the number of moduli must match with the axial R-charge of 
the inserted operators. 

Now let us consider an amplitude with just a i? insertion at a point of the boundary 
dD 2 . Since one d has axial R-charge 1 only the constant maps can contribute. The 
insertion of d requires the insetion point to be mapped to a given point in T. There is 
only one such constant map. Thus, we obtain 



where the superscript ± distinguishes the U{1) holonomy of the D-brane. Next let us 
consider the case where d is inserted in dD 2 and H is inserted in the interior of D 2 . The 
total axial R-charge is 3 and thus, degree one maps can contribute. The insertion of H 
requires the insertion point to be mapped to a given point in CP 1 . This reduces the 
3 moduli to one. The insertion of i? further reduces the moduli and there is only one 



(H)s> = 1, 
(HHH) S 2 = e~*. 



(6.56) 
(6.57) 



(6.58) 
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map obeying the requirement. The classical weight is e 4//2 or e t / 2+m depending on the 
Wilson line of the D-brane. Thus, we obtain 

($H)% 2 = ±e~ t/2 . (6.59) 

The results (6.58) and (6.59) reproduce the sine-Gordon result (6.58) and (6.59). 

Remark. Open topological field theory has been studied from axiomatic point of view 
in [53,54]. 
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